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a b s t r a c t
The projected rapid growth of the market penetration of connected and autonomous vehicle technologies (CAV) highlights the need for preparing suﬃcient highway capacity for
a mixed traﬃc environment where a portion of vehicles are CAVs and the remaining are
human-driven vehicles (HVs). This study proposes an analytical capacity model for highway mixed traﬃc based on a Markov chain representation of spatial distribution of heterogeneous and stochastic headways. This model captures not only the full spectrum of
CAV market penetration rates but also all possible values of CAV platooning intensities
that largely affect the spatial distribution of different headway types. Numerical experiments verify that this analytical model accurately quantiﬁes the corresponding mixed trafﬁc capacity at various settings. This analytical model allows for examination of the impact of different CAV technology scenarios on mixed traﬃc capacity. We identify suﬃcient
and necessary conditions for the mixed traﬃc capacity to increase (or decrease) with CAV
market penetration rate and platooning intensity. These theoretical results caution scholars
not to take CAVs as a sure means of increasing highway capacity for granted but rather to
quantitatively analyze the actual headway settings before drawing any qualitative conclusion. This analytical framework further enables us to build a compact lane management
model to eﬃciently determine the optimal number of dedicated CAV lanes to maximize
mixed traﬃc throughput of a multi-lane highway segment. This optimization model addresses varying demand levels, market penetration rates, platooning intensities and technology scenarios. The model structure is examined from a theoretical perspective and an
analytical approach is identiﬁed to solve the optimal CAV lane number at certain common
headway settings. Numerical analyses illustrate the application of this lane management
model and draw insights into how the key parameters affect the optimal CAV lane solution and the corresponding optimal capacity. This model can serve as a useful and simple
decision tool for near future CAV lane management.
© 2017 Elsevier Ltd. All rights reserved.

1. Introduction
Connected and autonomous vehicles (CAVs) are expected to improve highway traﬃc eﬃciency, safety, and environment
through sensing local environment, sharing information, and applying appropriate control measures (Ghiasi et al., 2017; Li
et al., 2017; Kamrani et al., 2017). All these beneﬁts are linked to the expectation that CAVs can largely improve highway
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traﬃc capacity by reducing time headways between consecutive vehicles through communication and automated control
technologies (e.g., platooning). With CAV platooning, a pair of CAVs are similar to two concatenated cars in a train and
thus shall have much less time headway compared with a pair of disconnected human-driven vehicles (HVs). Therefore, we
envision that highway capacity will be maximized in the far future when all vehicles are platooned CAVs, as predicted by
a number of studies on pure automated traﬃc with computer simulation (Ioannou and Chien, 1993) and analytical models
(Kanaris et al., 1997; Swaroop et al., 1994; Fernandes and Nunes, 2012; Amoozadeh et al., 2015).
Besides the consensus on pure automated traﬃc, it is not yet completely clear how highway capacity is affected by CAVs
in mixed traﬃc containing both CAVs and HVs, which expects to last for a relatively long transitional period. A number of
studies conducted capacity analyses for mixed traﬃc, most of them relying on computer simulation (e.g., Van Arem et al.,
1997; Shladover et al., 2001; Vander Werf et al., 2002; Van Arem et al., 2006; Kesting et al., 2008; 2010; Shladover et al.,
2012; Krause et al., 2017). There are only a limited number of studies attempting building analytical models to characterize
capacity of mixed traﬃc (e.g., Tientrakool et al., 2011; Levin and Boyles, 2015; 2016; Chen et al., 2017). While these studies provide valuable quantitative results and insights into the beneﬁts of CAVs in improving mixed traﬃc capacity, most of
them consider deterministic time headways in a speciﬁc technology scenario. However, in reality, time headways between
consecutive vehicles are highly stochastic. The effect of headway stochasticity on highway capacity is not captured in studies
assuming deterministic headways. Further, headway distributions in mixed traﬃc highly depend on CAV technologies that
are yet to be fully developed and thus may have quite some uncertainties. From the literature, we see quite some discrepancies in describing CAV headway values ranging from 0.3 to 2.6 s (please refer to Section 2 for a comprehensive review
of headway distributions in the literature). How different CAV technology outcomes would affect highway capacity is yet to
be investigated. For example, if future CAV technologies are conservative, headways between vehicles will increase, and as a
result, capacity may not increase as much as some optimistic models predicted, or may even decrease. On the other hand,
more aggressive CAV technologies could result in higher highway capacity.
Existing studies also point out that the CAV market penetration is a critical factor that affects the highway capacity
in mixed traﬃc. Results from both simulation (Kesting et al., 2008; Shladover et al., 2012; Arnaout and Arnaout, 2014;
Ntousakis et al., 2015) and analytical modeling (Levin and Boyles, 2015; van den Berg and Verhoef, 2016) show that highway
capacity increases signiﬁcantly with market penetration rate. However, another important factor that also largely affects
traﬃc capacity yet receives less attention is the CAV platooning intensities. CAV platooning refers to the technology that
reduces the headway between consecutive CAVs with vehicle-to-vehicle (V2V) communications and automated control (e.g.,
Stevens et al. 1996; Zhao and Sun 2013; Amoozadeh et al. 2015). Even at the same market penetration rate, different CAV
platooning intensities may result in quite different traﬃc capacities. For example, if CAVs are more scattered across the
highway, there will be fewer long platoons of CAVs with reduced headways and thus the improvement of traﬃc capacity
becomes less salient. On the other hand, if CAVs are better clustered, highway capacity will increase as a result of longer CAV
platoons with reduced headways. Only limited studies investigated the impact of vehicle platooning on traﬃc capacity in
mixed traﬃc with simulation and claimed that a higher platooning intensity ensures a higher capacity (e.g., Rao and Varaiya,
1993; Zhao and Sun, 2013; Harwood and Reed, 2014). It remains a challenge to reveal analytical insights into how both
market penetration and CAV platooning intensity jointly affect mixed traﬃc capacity. Recently, Chen et al. (2017) proposes
analytical formulations for mixed traﬃc highway capacity that takes autonomous vehicle (AV) market penetration rate and
platoon sizes into account. Despite their analytical breakthrough, this study only considers deterministic periodic platoons
with a ﬁxed number of AVs. Moreover, like most relevant efforts, it only considers deterministic time headways in a speciﬁc
AV technology scenario.
The lack of analytical results on CAV traﬃc capacity actually restricts us from transferring traditional lane management
into CAV traﬃc. Lane management has been widely applied to highway practices and have made great success in improving
capacity of traditional HV traﬃc. Several studies have been conducted to investigate managed lanes for different types of
vehicles and management measures, including high-occupancy vehicles (HOV) (e.g., Dahlgren 2002; Menendez and Daganzo
2007; Kwon and Varaiya 2008; Chu et al. 2012), buses (e.g., Cherry et al. 2005; Xu et al. 2013), trucks (e.g., Rakha et al. 2005;
Abdelgawad et al. 2010; Cherry and Adelakun 2012; Rudra and Roorda 2014), and high-occupancy toll (HOT) (e.g., Dahlgren
2002; Sallach et al. 2010; Liu et al. 2011; Hadi et al. 2016). These successes largely beneﬁted from analytical modeling of
traﬃc capacity under different lane management strategies (e.g., Dahlgren 2002; Chu et al. 2012). However, due to the lack
of analytical models of mixed CAV traﬃc capacity, it is diﬃcult to reproduce these successes of traditional lane management
modeling in emerging mixed CAV traﬃc. Therefore, studies on CAV lane management are relatively scarce in the literature.
Chen et al. (2016) proposes a deployment model to determine the locations of AV lanes on a general transportation network
and provides elegant insights into network infrastructure design decisions. Fakharian Qom et al. (2016) performs a simulation analysis to evaluate the performance of Managed Lanes (ML) with Cooperative Adaptive Cruise Control (CACC) vehicles.
Talebpour et al. (2017) examines the effects of reserving one lane for AVs on a two-way and a four-lane highway with computer simulations. Their results show potential beneﬁts at above certain market penetration rates. Chen et al. (2017) evaluates speciﬁc lane management policies for mixed traﬃc with AVs and offers the best policy among the considered ones.
Despite these limited efforts, stochastic headways and vehicle platooning intensities in the context of lane management have
yet not been investigated.
To bridge these research gaps, this paper proposes an analytical formulation to highway capacity in a mixed traﬃc environments with CAVs. Furthermore, it presents a lane management framework to determine the optimal number of lanes
to be allocated to CAVs to maximize the highway capacity. This study makes the following contributions. First, we provide
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a review of the literature on headway distributions for mixed and pure CAV traﬃc, which addresses the lack of a comprehensive understanding of headway distributions in emerging CAV traﬃc and complements studies on headways of regular
human-driven traﬃc. The review outcomes are further used in our numerical analyses in which we assess three hypothetical CAV technology scenarios with different headway distributions. Second, an analytical stochastic formulation is proposed
for highway capacity in a mixed traﬃc environment with CAVs. We propose a novel Markov chain model to describe spatial headway distributions of mixed traﬃc along a highway segment. With this creative modeling structure, we are able to
capture complex stochastic headway with different types of distributions (e.g., headway between two CAVs, headway of a
CAV following an HV, headway of an HV following a CAV, and headway between two HVs) and unify a full spectrum of
CAV penetration rates and platooning intensities in a parsimonious analytical capacity formulation. This formulation well
approximates the maximum rate of traﬃc that the corresponding highway can process, and we conduct both theoretical
analysis and numerical simulation to show that this approximation is very close to the ground-truth capacity at various
temporal and spatial scales. Further, to test the conventional assumption that highway capacity always increases with CAV
market penetration rate and platooning intensity, we analyze how mixed traﬃc capacity changes across all possible values
of these two factors. Theoretical results reveal that only certain conditions of headway settings can justify this assumption.
Otherwise, contrary to the conventional assumption, greater CAV market penetration rate and platooning intensity may actually compromise mixed traﬃc capacity when these conditions are not satisﬁed, which is likely the case under certain
conservative CAV technology scenarios. This analytical framework further enables us to build a compact optimization model
to eﬃciently determine the optimal number of CAV lanes to maximize mixed traﬃc throughput at varying demand levels,
market penetration rates, platooning intensities and technology scenarios. Besides analytical insights into stationary trafﬁc, this model can be easily adapted to real-world dynamic traﬃc management with time-variant traﬃc characteristics by
monitoring upstream traﬃc inputs in real time. Numerical analyses show that the optimal lane management solution can
signiﬁcantly increase traﬃc throughput. We would like to note that this study is limited to macroscopic stationary traﬃc
at equilibrium on a freeway segment where all individual lane-change, vehicle taking-over and stop-and-go elements are
assumed to be aggregated so as to derive the macroscopic analytical capacity formulation. Therefore, the detailed effects
from lane changes and dynamic CAV platooning at the microscopic level are not considered. Despite this, just like classic
macroscopic traﬃc ﬂow methods that neither consider detailed lane changes (Richards, 1956; Lighthill and Whitham, 1955)
or dynamics (Sheﬃ, 1985) and only focus on aggregated traﬃc states or stationary states at equilibrium, the analytical results from this study shall still have fundamental merits in shedding light on how to model CAV mixed traﬃc (even with
lane management) from a macroscopic and stationary point of view when traﬃc reaches the equilibrium at its capacity.
Actually, the proposed analytical formulation characterizes the capacity point of a “generalized fundamental diagram” for
mixed CAV traﬃc that considers CAV penetration rate and platooning intensity in addition to overall traﬃc density. While
a fundamental diagram focuses on aggregated stationary traﬃc states at equilibrium, it also often incorporates microscopic
dynamics (e.g., lane changes, stop-and-go traﬃc, overtaking) at the macroscopic level (Geroliminis and Daganzo, 2008; Qian
et al., 2017). In the near future when mixed CAV traﬃc becomes prevailing, we would expect the application of the proposed work is analogous to that of the capacity points of existing fundamental diagram theories in human driven traﬃc.
Overall, this study provides a bridging methodology that links traditional stationary traﬃc ﬂow analysis to emerging CAV
traﬃc management. It lays a solid foundation for deeper understandings and better management of mixed CAV traﬃc ﬂow
in the near future.
This paper is organized as follows. Section 2 provides a review on headway distribution studies for pure HV, mixed, and
pure AV traﬃc. This information is later used for numerical analyses. Section 3 describes the Markov chain model and the
proposed capacity formulation for a single-lane highway. Further, numerical simulation is performed to verify the analytical
formulations. Built upon the analytical results, Section 4 proposes a CAV lane management model for mixed traﬃc. This
section investigates both theoretical properties and numerical algorithms for optimal managed lane design and test them
with numerical examples. Section 5 concludes the paper with a summary of the ﬁndings and a brief discussion of future
research directions.
2. Review of headway distribution
This section provides a literature review of headway distributions in different types of traﬃc, i.e., including traditional
pure human-driven, mixed, and pure automated traﬃc. We ﬁnd that numerous studies have been devoted to headway
distribution models for HVs. Since there are comprehensive literature reviews available for HV headway distributions (e.g.,
Minderhoud et al., 1997), this section only presents a few representative studies with bounded uniform distributions as
quantitative benchmarks. Whereas much fewer studies investigated headway distributions for mixed and pure CAV traﬃc.
To complement studies on headways distribution of HV traﬃc, we provide a comprehensive review on headway distributions
in mixed and pure CAV traﬃc for all possible vehicle pair combinations, i.e., between two CAVs, for a CAV following an HV,
for an HV following a CAV, and between two HVs. This information later supplies the numerical analyses in Section 3. Note
that some studies use different terms (e.g., Adaptive Cruise Control (ACC) and CACC1 ) for automated driving. Since all these

1
We treat headway between an ACC vehicle and a HV the same as that between a CACC vehicle and a HV since no communication happens in either
case, whereas for headways between two CAVs, we only report results from CACC vehicles because communication is necessary.
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terms refer to automated longitudinal control of vehicles, we refer them as CAV to unify the notation in this presentation.
Table 1 shows the list of reviewed studies with the corresponding headway distribution information. Basically, we see that
the headway values between two HVs range from 0.7 to 2.4 s, those for a CAV following an HV from 0.5 to 2.6 s, those for an
HV following a CAV from 0.6 to 2.6 s, and those between two CAVs from 0.3 through 2 seconds. In these results, we observe
wide variabilities within the same type of headways and between different types of headways, and different studies may
assume quite different realizations of CAV technologies in terms of headway distributions (e.g., a conservative technology
scenario yields a CAV-to-CAV headway as long as 2 s whereas an aggressive technology scenario only takes 0.3 s for the
same headway). These discrepancies may signiﬁcantly affect corresponding capacity analysis outcomes. This highlights the
need for an analytical capacity modeling framework incorporating headway stochasticities for the same type of vehicle pairs,
discrepancies between different vehicle types, and different realization scenarios of future technologies.
3. Single-lane model
This section aims to model mixed traﬃc (including both CAVs and HVs) on a one-lane highway segment. This analysis
focuses on the maximum throughput for a given traﬃc pattern (i.e., the highest point on the fundamental diagram) rather
than investigating the full range of a fundamental diagram across various density levels (Qu et al., 2015; Qian et al., 2017).
To capture real-world stochasticity and uncertainties, we allow vehicle types to be distributed stochastically and vehicle
headways to follow random distributions depending on the corresponding vehicle types. Yet the overall traﬃc pattern can
be characterized by two exogenous parameters that largely affect highway capacity. The ﬁrst parameter, denoted by P1 , describes the percentage of CAVs in the mixed traﬃc. We would expect that due to reduced CAV headway, traﬃc capacity
shall grow with P1 that is predicted to grow rapidly in the following decades (Bansal and Kockelman, 2017; Chen et al.,
2016; Lavasani et al., 2016; Hadi et al., 2016). The second parameter, denoted by O, indicating the CAV platooning intensity,
i.e., the strength of CAV clustering in the mixed traﬃc. Basically, for a certain P1 value, O determines the likelihood of the
following vehicle type given a preceding vehicle type for each vehicle pair. For example, if O is set to its maximum value,
the CAV clustering strength is maximum and thus, the type of the following vehicle matches the preceding vehicle’s type.
On the other hand, if O is set to the minimum value, we will have the weakest CAV clustering strength. Thus the probability
that the following vehicle type follows the preceding one is minimum and the segregation between HVs and CAVs is maximum. Addressing different CAV platooning intensities is a valid concern, because different CAV technologies and highway
management strategies can signiﬁcantly affect how CAV are platooned and how much the corresponding traﬃc capacity is.
For example, if CAVs are individual units that are not much coordinated during operations, they could be just randomly distributed in mixed traﬃc with weak platooning, and the improvement to traﬃc capacity is limited. Otherwise, if they are run
as ﬂeets by coordinated and centralized operators (Fernandes and Nunes, 2012), CAVs may form platoons with signiﬁcant
lengths, which expects to signiﬁcantly improve traﬃc capacity. Further, proper traﬃc management strategies (e.g., exclusive CAV lanes and pricing) could be applied to encourage CAVs platooning. This section describes the proposed analytical
model that incorporates these random aspects and reveals fundamental impacts of market penetration rates and platooning intensities on mixed traﬃc capacity. Section 3.1 presents a Markov chain model to describe a class of vehicle spatial
distribution along the mixed traﬃc stream incorporating the whole spectra of CAV penetration rates and platooning intensities. Section 3.2 formulates the expected capacity for the mixed traﬃc characterized by this Markov chain model. Finally,
Section 3.3 provides numerical examples to verify the presented theoretical analyses and to demonstrate the accuracy of the
proposed capacity formulation.
3.1. Markov chain model
We consider a stream of N vehicles indexed as n ∈ N := {1, 2, . . . , N} moving along the highway segment. Let An ∈ {0, 1}
denote whether vehicle n is CAV or HV; i.e., An = 1 if vehicle n is a CAV and An = 0 if vehicle n is an HV. Penetration rate
P1 is deﬁned as the expected percentage of CAVs among all vehicles, i.e.,



P1 := E





An /N .

(1)

n∈N

For notation convenience, we also deﬁne the corresponding percentage of HVs among all vehicles as



P0 := E




(1 − An )/N = 1 − P1 .

n∈N

The following analysis treats P0 and 1 − P1 interchangeably, and P0 is used only for formulation compactness. Note that the
same P1 value could correspond to different distributions of vehicle types or platooning intensities of CAVs. For example,
when P1 = 0.5, one extreme case is that every CAV always follows an HV (as illustrated by Fig. 1(a)) that corresponds to
cases with the weakest CAV clustering strength, where vehicles form a CAV-HV segregation pattern, and thus, the number
of CAV platoons are expected to be maximum. The other extreme case is that the ﬁrst half set of vehicles are all CAVs
and the remaining vehicles are all HVs (as illustrated by Fig. 1(b)). This case is related to a strong CAV clustering strength
where CAVs are able to form into minimum numbers of platoons. Finally, a case in between is that CAVs are clustered
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Headway between HVs

Headway for a CAV following an HV

Headway for an HV following a CAV

Headway between CAVs

Distribution

Range (sec)

Distribution

Range (sec)

Distribution

Distribution

Range (sec)

Uniform
Uniform

0.8–1.8
1.0–2.0
1.0–2.0
0.5–1.5
1.1–2.2
1.2±0.15/ 1.2±0.3

0.5–1.4

0.7–2.2

Uniform
Uniform
Uniform
Gaussian

Uniform

Uniform

Uniform
Gaussian
Uniform

0.6–1.1
1.2±0.15/ 1.2±0.3
0.3–1.4

Uniform
Uniform
Fixed

1.0–2.6
0.6–2.0
1.4

Uniform
Fixed

0.6–2.0
0.5

Uniform

0.8–1.0

Fixed

0.5

Uniform
Uniform
Uniform

0.8–2.2
0.5–2.0
0.5–2.0

Uniform
Uniform

1.3–2.4
1.0–1.8

Uniform
Uniform
Uniform

Range (sec)

1.0–1.8
0.6–2.2
0.6–2.6
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Fig. 1. Illustrative examples for vehicle distributions.

somehow but occasionally disrupted by HVs (as illustrated by Fig. 1(c)). It is not diﬃcult to see that at the same P1 value,
there are numerous cases corresponding to different platooning intensities, and each of them could yield a different traﬃc
throughput due to different headways between different types of vehicles. To model such general CAV platooning intensities
for stochastic mixed traﬃc in a parsimonious way, we use a discrete Markov chain model to specify types of vehicles in N
sequentially from downstream to upstream as follows. In this Markov chain, An can be interpreted as the state variable at
step n, and the state space is

S := {1, 0},
where 1 denotes the CAV type and 0 denotes the HV type. Let the ﬁrst vehicle have a probability of P1 to be a CAV, i.e.,
Pr(A1 = 1 ) = P1 . Therefore, the initial state is

π := [P1 , P0 ].

(2)

Then we deﬁne the following transition matrix:



T :=

t11
t01



t10
,
t00

(3)

where tsr denotes the probability for a type-s vehicle to be followed by a type-r vehicle, i.e., tsr := Pr(An+1 = r | An = s ), ∀n ∈
N \{N }, s, r ∈ S. To capture general market penetration rates and platooning intensities, tsr is formulated as a function P1 and
O:



t10 (P1 , O ) :=

P0 (1 −O ),
P0 + O P0 − min 1,

P0
P1

,

O ≥ 0;
O < 0,

t11 (P1 , O ) := 1 − t10 (P1 , O ),


t01 (P1 , O ) :=

P1 (1 −O ),
P1 + O P1 − min 1,

(4)
(5)

P1
P0

,

O ≥ 0;
O < 0,

t00 (P1 , O ) := 1 − t01 (P1 , O ).

(6)
(7)

We denote this Markov chain by Markov(π , T). This formulation is carefully designed such that parameter O decreases from
1 to −1 as the platooning intensity decreases from maximum to minimum. This can be seen from the following special
cases.
3.1.1. Maximum platooning intensity (O = 1)
All CAVs in this case are perfectly platooned into one group, similar to the case illustrated by Fig. 1(b). Thus, given that
vehicle n is a CAV, the probability that following vehicle n + 1 is also a CAV converges to one. Similarly, given that vehicle n
is an HV, the probability that following vehicle n + 1 is also an HV converges to one. Thus the elements of transition matrix
T in this case are

t11 (P1 , 1 ) = t00 (P1 , 1 ) = 1, t10 (P1 , 1 ) = t01 (P1 , 1 ) = 0.

(8)

Note that in this case, since the following vehicle type exactly matches that of the preceding vehicle in any consecutive
pair of vehicles, all vehicles become either HVs or CAVs. Then the Markov chain model is no longer irreducible or ergodic
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and therefore loses some nice properties (see the theoretical analyses in the following sections). The interpretation of P1
becomes the probability of the ﬁrst vehicle being a CAV (or equivalently the entire stream of vehicles being CAVs), instead
of the proportion of CAVs in an observed instance. Mathematically, this case is the asymptotically extreme case for the
supremum platooning intensity. Yet it is actually pure traﬃc (which can be easily characterized) instead of mixed traﬃc, and
therefore, this particular case does not have much practical value. We just present it for the mathematical completeness.
3.1.2. Independent platooning (O = 0)
In this case, CAVs and HVs are randomly mixed; i.e., a vehicle’s type is independent of its preceding vehicle and is only
determined by penetration rate P1 . Thus, the elements of transition matrix T in this case are

t11 (P1 , 0 ) = t01 (P1 , 0 ) = P1 , t10 (P1 , 0 ) = t00 (P1 , 0 ) = P0 .
3.1.3. Minimum platooning intensity (O = −1)
In this case, CAVs are at the weakest possible platooning intensity where the number of CAV platoons are maximal. Now
a CAV would follow an HV if possible at all, and vice versa; i.e., t01 and t10 are set to their maximum values. Therefore, the
elements of T in this case become

P0
, t11 (P1 , −1 ) = 1 − t10 (P1 , −1 ),
P1
P1
t01 (P1 , −1 ) = min 1,
, t00 (P1 , −1 ) = 1 − t01 (P1 , −1 ).
P0
t10 (P1 , −1 ) = min 1,

From Eq. (1), we see that it is easy to calibrate P1 from real-traﬃc observations just by simply counting the numbers
of different types of vehicles. However, the O value can not be as clearly formulated. Yet it is not diﬃcult to calibrate O
when real-world data are available, and the detailed calibration process, which is based on the formulations of Eqs. (4)–(7),
is provided in Appendix B.
Now we will show that this Markov chain model is consistent with P1 deﬁnition (1) in the follow proposition.
Proposition 1. The Markov chain model deﬁned by Eqs. (2)–(7) yields (1) as the invariant distribution probability.
Proof. To prove this proposition, we will just show Pr(An = 1 ) = P1 , ∀n ∈ N with induction as follows.
Basis: When n = 1, Pr(A1 = 1 ) = P1 by Eq. (2).
Inductive step: We set an induction assumption that for n = k ∈ N \{N }, Pr(Ak = 1 ) = P1 . Then when n = k + 1, in case of
O>0

Pr(Ak+1 = 1 ) = Pr(Ak = 0 )t01 + Pr(Ak = 1 )t11
= (1 − P1 ) · P1 (1 − O ) + P1 · (1 − (1 − P1 )(1 − O ) )
= P1 .
Whereas in case of O < 0,

Pr(Ak+1 = 1 ) = Pr(Ak = 0 )t01 + Pr(Ak = 1 )t11





= (1 − P1 ) · P1 + O P1 − min 1,

P1
P0







+ P1 · P1 − O 1 − P1 − min 1,

P0
P1



= P1 .
This completes the proposition.



The above proposition veriﬁes that the proposed Markov chain model is capable of describing stochastic mixed traﬃc
with different CAV penetration rates and platooning intensities.
3.2. Capacity analysis
This subsection aims to formulate the expected capacity of Markov chain mixed traﬃc model (2)–(7) by analyzing time
headway between consecutive vehicles. Since our analysis focuses on traﬃc capacity, i.e., the maximum allowed traﬃc
throughput, each headway investigated in this paper refers to the minimum headway between the corresponding vehicles at the design speed on the investigated road segment. Let hn denote the time headway between vehicles n and
n + 1, ∀n ∈ N \{N }. We allow hn to be a random variable that follows a positive-valued distribution depending on vehicle
types An and An+1 with a ﬁnite mean of h̄An An+1 and a ﬁnite variance. Assume the variations of {hn } values are independent
across different vehicles. Note that as illustrated in Fig. 2, there are four types of mean time headways: h̄00 for an HV followed by another HV, h̄01 for an HV followed by a CAV, h̄10 for a CAV followed by an HV, and h̄11 for a CAV followed by
another CAV. With this, the expected capacity of the mixed traﬃc stream can be written as:



N−1
c̄ := E N−1
n=1 hn



.
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Fig. 2. Illustration of headways in mixed traﬃc.

Due to the exponential number of vehicle type scenarios (a scenario here is a realization of all vehicles types) and random
headway distributions, it is diﬃcult to directly calculate c̄ . Instead, Section 3.2.1 proposes a closed-form analytical formula
to approximate c̄ and presents theoretical analysis to show the closeness of this approximate value to the actual c̄ value.
Next, Section 3.2.2 examines how this approximate capacity varies with CAV penetration rates and platooning intensities
against the intuition that mixed traﬃc capacity increases with these two factors.
3.2.1. Approximate capacity
We propose to estimate c̄ with an approximate capacity formulated below:

N−1
N−1
cˆ := N−1
= N−1
.
E
h
(
)
n
n=1
n=1 h̄An An+1
With the Markov chain model, Proposition 1 yields Pr(An An+1 = sr ) = Ps tsr (P1 , O ), ∀s, r ∈ S, n ∈ N \{N }. Then we obtain

N−1


h̄An An+1
=
Ps tsr (P1 , O )h̄sr
N−1

n=1

s∈S,r∈S

and approximate capacity cˆ can be reformulated into a deterministic form as:

cˆ(P1 , O, h ) = 

1
s∈S,r∈S Ps tsr (P1 , O )h̄sr

.

(9)





where h is the vector of expected headways, i.e., h := h̄11 , h̄10 , h̄01 , h̄00 . Below we investigate the relationship between
actual expectation c̄ and approximate value cˆ(P1 , O, h ).
Lemma 1. f (hu ) :=

1
N−1 u
h
n=1 n

is a convex function of hu := [hun ≥ 0]∀n . The proof is provided in Appendix A.1.

Theorem 1. cˆ(P1 , O, h ) ≤ c̄ for any ﬁnite N.
Proof. Let U denote the set of all possible vehicle type scenarios, and let pu denote the probability of scenario u ∈ U. Let Aun
denote the realization of An and hun denote the headway between vehicles n and n + 1 in scenario u. Then we can formulate

c̄ =


u∈U



N−1
pu E N−1
u
n=1 hn



.

Then based on Lemma 1 and Jensen’s inequality (Jensen, 1906), we have E

c̄ ≥


u∈U



N−1
N−1 u
h
n=1 n



≥

N−1
N−1
E hu
n=1 ( n )

=

N−1
N−1
h̄
n=1 Au Au

. This yields

n n+1

N−1
pu N−1
.
n=1 h̄Aun Aun+1

Based on the same argument with Jensen’s inequality, we obtain


u∈U

N−1
N−1
N−1
pu N−1
≥ N−1 
= N−1
= cˆ(P1 , O, h ).
n=1 E (hn )
n=1 h̄Aun Aun+1
n=1
u∈U pu h̄Aun Aun+1

This indicates cˆ(P1 , O, h ) ≤ c̄ and completes the proof.



The above theorem indicates that cˆ(P1 , O, h ) provides a lower bound to c̄ for a small stream of vehicles, which can still
serve as a conservative estimation of the real capacity. Further, as the size of the traﬃc stream increases, the following
analysis shows cˆ(P1 , O, h ) is an accurate estimation of c̄.
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We deﬁne an extended Markov chain where states are deﬁned for consecutive vehicle pairs instead. We call two consecutive vehicles n and n + 1 vehicle pair n. Deﬁne (Xn := An An+1 )n∈N \{N} as the state variable for vehicle pair n, and the
corresponding state space is

SE := S2 = {(1, 1 ), (1, 0 ), (0, 1 ), (0, 0 )}.
E
Based
on Proposition

 1 and Eq. (3), for this extended Markov chain, we can obtain the initial distribution as π :=
πsrE := Ps tsr (P1 , O ) , ∀s ∈ S, sr ∈ SE and the transition matrix as

⎡

E
t1111

⎢
⎢t E
⎢ 1011
T E := ⎢
⎢t E
⎣ 0111
E
t0011

⎤

E
t1110

E
t1101

E
t1100

E
t1010

E
t1001

E
t0110

E
t0101

E ⎥
t10
00 ⎥
⎥,
E
t0100 ⎥
⎦

E
t0010

t0E001

t0E000

⎥

E
where tsr
denotes the probability for a vehicle pair of type sr to be followed by a vehicle pair of type s r , i.e.,
s r 



tsrEs r : = Pr Xn+1 = s r  | Xn = sr



= Pr An+1 An+2 = s r  | An An+1 = sr , ∀n ∈ N \{N, N − 1}, sr ∈ SE .
E = 0, if r = s , ∀s, r, s , r ∈ S. For other elements of TE , based on Proposition 1 and Eq. (3), we
It is apparent that tsr
s r 
E

obtain t
= t  ∀s, r, s , r  ∈ S. Thus we can rewrite TE as
sr r r 

rr

⎡

t11
⎢0
E
T (P1 , O ) = ⎣
t11
0

t10
0
t10
0

⎤

0
t01
0
t01

0
t00 ⎥
.
0⎦
t00

We denote this extended Markov chain by Markov(π E , TE ) and the following lemmas investigate its basic properties.
Lemma 2. If O < 1 and 0 < Ps < 1, ∀s ∈ S, then π E is an invariant distribution for TE . The proof is provided in Appendix A.2.
Lemma 3. If O < 1 and 0 < Ps < 1, ∀s ∈ S, Markov(π E , TE ) is irreducible and all states in SE are positive recurrent. The proof is
provided in Appendix A.3.

Lemma 4. Deﬁne Nsr := n∈N \{N} Isr (Xn ) where indicator function Isr (Xn ) is 1 if Xn = sr is true or 0 otherwise. If O < 1, then we
obtain

 N
sr

Pr

N−1



→ πsrE as N → ∞ = 1, ∀sr ∈ SE .

The proof is provided in Appendix A.4.
Theorem 2. When O < 1, we obtain P r (cˆ(P1 , O, h ) → c̄ as N → ∞ ) = 1.
1 or P0 =
Proof. First we investigate the two cases when Markov(π E , TE ) is non-recurrent: i.e., P1 = 
 1. When P1 = 1, we
N−1
1
N−1
obtain An = 1, ∀n ∈ N . Then based on the deﬁnitions, cˆ(P1 , O, h ) = N−1
=
and c̄ = E N−1
. By the assumption
n=1

h̄11

h̄11

n=1

hn

of the independent
distributions
and the strong law of large numbers, we obtain that the probabil
 of vehicle headways

N−1
1
ity for limN→∞ N−1 =
is one. Thus Pr c̄ = cˆ(P1 , O, h ) as N → ∞ = 1. Similarly, we can show that when P0 = 1,



n=1

Pr limN→∞

N−1
N−1
h
n=1 n

=

hn

1
h̄00



h̄11



= 1, and thus Pr c̄ = cˆ(P1 , O, h ) as N → ∞ = 1.

Now we investigate other cases for 0 < Ps < 1. Since Lemma 3 indicates Pr(Nsr → ∞ as N → ∞ ) = 1, ∀sr ∈ SE , based on
the law of large numbers, we obtain





1

c̄ = E 


s∈S,r∈S

u
n∈Nsr

Nsr

hn

·

Nsr
N−1


→E 



Further, since Lemma 4 indicates that Pr


Pr 

1
s∈S,r∈S

h̄sr ·

Nsr
N−1

→ 

s∈S,r∈S

Nsr
N−1

1
s∈S,r∈S

h̄sr πsrE



1
h̄sr ·

Nsr
N−1

as N → ∞.

(10)



→ πsrE as N → ∞ = 1, ∀sr ∈ SE , then we obtain


= cˆ(P1 , O, h ) as N → ∞

= 1,
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which yields,

 



1

Pr E 

s∈S,r∈S

h̄sr ·


→ cˆ(P1 , O, h ) as N → ∞

Nsr
N−1

= 1.

(11)

Eqs. (10) and (11) indicate that Pr(cˆ(P1 , O, h ) → c̄ as N → ∞ ) = 1, which completes the proof.



Note that the above analysis for O < 1 is suﬃcient for practical applications where the platooning intensity never reaches
the extreme case with O = 1. Further, practical traﬃc capacity analysis is usually interested in a relatively long period with
a large number of vehicles passing. Thus the above theorem reveals that it is reasonable to use cˆ(P1 , O ) to estimate true
capacity c̄ in engineering practices. However, for the completeness of the analytical results, the following corollary shows the
corresponding results for the extreme case with O = 1. The proof is straightforward and thus omitted in this presentation.
Corollary 1. When O = 1, cˆ(P1 , O, h ) =

1
P1 h̄11 +P0 h̄00

≤ c̄ =

P1
h̄11

+

P0
.
h̄00

3.2.2. CAV penetration rate and platooning intensity effects
Previous studies have frequently taken for granted that highway capacity always increases with P1 (e.g., Kesting et al.,
2008; Arnaout and Arnaout, 2014; van den Berg and Verhoef, 2016) and O (Zhao and Sun, 2013; Harwood and Reed, 2014),
and some claim that this increasing rate is higher at a greater P1 value (e.g., van den Berg and Verhoef, 2016). To test
ˆ
this
 intuition, we investigate the effects of P1 and O changes on cˆ(P1 , O, h ) with the following theorems. Deﬁne h10 :=
h̄10 + h̄01 /2, α := h̄11 + h̄00 − 2hˆ 10 and β := hˆ 10 − h̄00 .
Theorem 3. Deﬁne φ := (ρ − 1 )h̄00 + (2 − ρ )hˆ 10 − h̄11 . cˆ(P1 , O, h ) is increasing at point P1 , ∀P1 ∈ (0, 1], if and only if φ (P1 , O,
h) ≥ 0, where

⎧
1
⎨ (1−O)P1 + O2 ,

ρ (P1 , O ) :=

⎩

if O ∈ [0, 1];
if O ∈ [−1, 0 ), p ∈ (0, 0.5];
if O ∈ [−1, 0 ), p ∈ (0.5, 1].

1
(1+O )P1 ,
1
(1+O )P1 −O ,

Proof. Based on Eqs. (4)–(7) and (9), cˆ(P1 , O, h ) can be written as

cˆ(P1 , O, h ) =

⎧
1
⎪
⎨ ζ1 P12 +η1 P1 +θ1
1

ζ2 P1 +η2 P1 +θ2
⎪
⎩ 2 1
2

ζ3 P1 +η3 P1 +θ3

O ∈ [0, 1];
,

O ∈ [−1, 0 ), P1 ∈ (0, 0.5];
O ∈ [−1, 0 ), P1 ∈ (0.5, 1],

where ζ1 := α (1 − O ), ζ2 := ζ3 := α (1 + O ), η1 := α O + 2β , η2 := 2β , η3 := −2α O + 2β , θ1 := θ2 := h̄00 and θ3 := α O + h̄00 .
dcˆ
For a certain O, we obtain dP
(P1 , O, h ) as
1

⎧ −2ζ1 P1 −η1
2 ,
⎪
⎪
⎨ (ζ1 P12 +η1 P1 +θ1 )

−2ζ2 P1 −η2
dcˆ
(P1 , O, h ) = (ζ2 P2 +η2 P1 +θ2 )2 ,
1
dP1
⎪
⎪
⎩ −2ζ3 P1 −η3 2 ,
2

(ζ3 P1 +η3 P1 +θ3 )

O ∈ [0, 1];
O ∈ [−1, 0 ), P1 ∈ (0, 0.5];
O ∈ [−1, 0 ), P1 ∈ (0.5, 1].

cˆ(P1 , O, h ) is increasing at P1 ∈ (0, 1], if and only if

dcˆ
dP1

(P1 , O, h ) ≥ 0. Since the denominators in the above equations are
dcˆ
P , O, h ) ≥ 0 is equivalent to −2ζi P1 − ηi ≥ 0, ∀i =
dP ( 1

positive, we just need to investigate the signs of the numerators. Thus,

{1, 2, 3}. Thus,

!

dcˆ
dP1

(P1 , O, h ) ≥ 0 is equivalent to

−α (2(1 − O )P1 + O ) − 2β ≥ 0,
−2α (1 + O )P1 − 2β ≥ 0,
−2α ( (1 + O )P1 − O ) − 2β ≥ 0,

1

O ∈ [0, 1];
O ∈ [−1, 0 ), P1 ∈ (0, 0.5];
O ∈ [−1, 0 ), P1 ∈ (0.5, 1].

Since for any P1 ∈ (0, 1], when O ∈ [0, 1], 2(1 − O )P1 + O > 0, and when O ∈ [−1, 0 ), 2(1 + O )P1 > 0,
equivalent to




⎧
1
1
⎪
⎨ (1−O)P1 + O2 − 1 h̄00 + 2 − (1−O)P1 + O2 hˆ 10 − h̄11 ≥ 0,
 1

− 1 h̄00 + 2 − (1+1O )P1 hˆ 10 − h̄11 ≥ 0,
1+
O
P
(
)
1
⎪

⎩
1
1
(1+O )P1 −O

Thus,

dcˆ
dP1

− 1 h̄00 + 2 − (1+O )P1 −O

hˆ 10 − h̄11 ≥ 0,

dcˆ
dP1

(P1 , O, h ) ≥ 0 is

O ∈ [0, 1];
O ∈ [−1, 0 ), P1 ∈ (0, 0.5];
O ∈ [−1, 0 ), P1 ∈ (0.5, 1].

(P1 , O, h ) ≥ 0 is equivalent to φ (P1 , O, h) ≥ 0. This completes the proof. 

Corollary 2. When hˆ 10 ≤ h̄00 , φ (P1 , O, h) is a decreasing function of P1 , and when hˆ 10 > h̄00 , φ (P1 , O, h) is an increasing function
of P1 , ∀P1 ∈ (0, 1].
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Corollary 3. If hˆ 10 ≤ h̄00 , cˆ(P1 , O, h ) is an increasing function of P1 , ∀P1 ∈ (0, 1] if and only if φ (P1 = 1, O, h ) ≥ 0, ∀O, h, or
equivalently



O
2−O

h̄00 +

hˆ 10 ≥ h̄11 ,

 2−2O
2−O

hˆ 10 − h̄11 ≥ 0,

if O ∈ [0, 1];
if O ∈ [−1, 0 ).

Otherwise if hˆ 10 > h̄00 , cˆ(P1 , O, h ) is an increasing function of P1 , ∀P1 ∈ (0, 1] if and only if φ (P1 = 0, O, h ) ≥ 0, ∀O ∈ [0, 1], h, or


equivalently O2 − 1 h̄00 + 2 − O2 hˆ 10 − h̄11 ≥ 0. Further, when hˆ 10 > h̄00 and O ∈ [−1, 0 ), cˆ(P1 , O, h ) is not an increasing function of P1 , ∀P1 ∈ (0, 1].
Corollary 4. If hˆ 10 ≤ h̄00 , cˆ(P1 , O, h ) is a decreasing function of P1 , ∀P1 ∈ (0, 1] if and only if φ (P1 = 0, O, h ) ≤ 0, ∀O ∈ [0, 1], h,


or equivalently O2 − 1 h̄00 + 2 − O2 hˆ 10 − h̄11 ≤ 0. Otherwise if hˆ 10 > h̄00 , cˆ(P1 , O, h ) is a decreasing function of P1 , ∀P1 ∈ (0, 1]
if and only if φ (P1 = 1, O, h ) ≤ 0, ∀O, h, or equivalently



O
2−O

h̄00 +

hˆ 10 ≤ h̄11 ,

 2−2O
2−O

hˆ 10 − h̄11 ≤ 0,

if O ∈ [0, 1];
if O ∈ [−1, 0 ).

Further, when hˆ 10 ≤ h̄00 and O ∈ [−1, 0 ), cˆ(P1 , O, h ) is not a decreasing function of P1 , ∀P1 ∈ (0, 1].
Corollary 5. The necessary and suﬃcient condition for cˆ(P1 , O, h ) to be an increasing function of P1 , ∀P1 ∈ (0, 1] is h̄11 ≤ hˆ 10 ≤
h̄00 .
Corollary 6. The necessary and suﬃcient condition for cˆ(P1 , O, h ) to be a decreasing function of P1 , ∀P1 ∈ (0, 1] is h̄11 ≥ hˆ 10 ≥ h̄00 .
Theorem 3 and the associated corollaries indicate that contrary to the ubiquitous assumption that higher CAV penetration rates always yield greater mixed traﬃc capacity, CAV penetration rate may not help with capacity under certain
headway settings. For example, under conservative CAV technologies with headways as speciﬁed by Corollary 6, a higher
CAV penetration rate instead reduces highway capacity.
Next, to test the claim that the increasing rate of capacity is higher at a greater CAV penetration rate, we investigate the
necessary and suﬃcient conditions in which cˆ(P1 , O, h ) is a convex function of P1 , ∀P1 ∈ (0, 1].
Theorem 4. When O ∈ [0, 1], cˆ(P1 , O, h ) is a convex function of P1 , ∀P1 ∈ [0, 1] if and only if


⎧"
η12 − 4ζ1 · θ1 + η1 + 2ζ1 < 0 ∨ (η1 > 0 ),
⎪
⎪
⎪
⎪
⎪
(η1 + 2ζ1 < 0 ) ∨ (η1 > 0 ),
⎨
 

"
"
3η1 + 12ζ1 · θ1 − 3η12 + 6ζ1 < 0 ∨ η1 − ζ1 · θ1 > 0 ,
⎪

⎪
⎪
2
⎪
⎪
⎩"η1 · θ1 < −η1 ∨ (η1 > 0 ),
2
η1 − 4ζ1 · θ1 + η1 + 2ζ1 > 0,

ζ1 > 0 and 4ζ1 · θ1 − η12 < 0;
if ζ1 > 0 and 4ζ1 · θ1 − η12 = 0;
if ζ1 > 0 and 4ζ1 · θ1 − η12 > 0;
if

if
if

ζ1 = 0;
ζ1 < 0 and 4ζ1 · θ1 − η12 < 0;

if ζ1 < 0 and 4ζ1 · θ1 − η12 ≥ 0, then cˆ(P1 , O, h ) is not a convex function of P1 , ∀P1 ∈ [0, 1].
Proof. cˆ(P1 , O, h ) is a convex function of P1 , ∀P1 ∈ [0, 1], if and only if
we obtain

d2 cˆ
dP12

d2 cˆ
(P , O, h )
dP12 1

> 0, ∀P1 ∈ [0, 1]. For a certain O ∈ [0, 1],

(P1 , O, h ) as

d2 cˆ
(P1 , O, h ) =
dP12

2(2ζ1 · P1 + η1 )

2ζ1

2



ζ1 · P12 + η1 · P1 + θ1

3

−



ζ1 · P12 + η1 · P1 + θ1

2

.

ν P

> 0 is equivalent to δ ((P1 )) > 0, ∀P1 ∈ [0, 1] where δ (P1 ) := ζ1 · P12 + η1 · P1 + θ1 and
1
ν (P1 ) := 3ζ12 · P12 + 3ζ1 · η1 · P1 − ζ1 · θ1 + η12 . Since cˆ(P1 , O, h ) > 0, it is necessary that δ (P1 ) > 0 and for convexity, we require that ν (P1 ) > 0, ∀P1 ∈ [0, 1]. We investigate each above condition separately as# follows. If ζ 1 > 0 and
# 4 ζ1 · θ 1 −
Thus we obtain that

d2 cˆ
(P , O, h )
dP12 1

−η1 + η2 −4ζ1 ·θ1

−η1 − η2 −4ζ1 ·θ1

1
1
η12 < 0, ν (P1 ) is always positive; however, δ (P1 ) > 0, ∀P1 ∈ [0, 1], if and only if
< 0 or
>
2 ζ1
2 ζ1
"

1. Thus,
η12 − 4ζ1 · θ1 + η1 + 2ζ1 < 0 ∨ (η1 > 0 ). If ζ 1 > 0 and 4ζ1 · θ1 − η12 = 0, δ (P1 ), ν (P1 ) > 0, ∀P1 ∈ [0, 1], if and

only if

−η1
2 ζ1

< 0 or

−η1
2 ζ1

> 1. Therefore, (η1 + 2ζ1 < 0 ) ∨ (η1 > 0 ). If ζ 1 > 0 and 4ζ1 · θ1 − η12 < 0, δ (P1 ) is always posi#

tive; however, ν (P1 ) > 0, ∀P1 ∈ [0, 1], if and only if



3 η1 +

−θ1

"

12ζ1 · θ1 − 3η12

η1 > 1. Thus,



−η1 + 12ζ1 ·θ1 −3η12 /3

#

< 0 or

−η1 − 12ζ1 ·θ1 −3η12 /3

> 1 that is equivalent to

2 ζ1
 
 2 ζ1
"
+ 6ζ1 < 0 ∨ η1 − ζ1 · θ1 > 0 . When ζ1 = 0, δ (P1 ) > 0, ∀P1 ∈ [0, 1], if and only if

η1 · θ1 <

−η12

∨ (η1 · θ1 > 0 ). If ζ 1 < 0 and

4ζ1 · θ1 − η12

−θ1

η1 < 0 or

< 0, ν (P1 ) is always positive; however, δ (P1 ) > 0,
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Table 2
Headway distributions for numerical analyses in the single-lane problem.
h11

h10

h01

h00

Uniform(0.6, 1.1)

Uniform(0.8, 2.2)

Uniform(0.7, 1.5)

Uniform(0.8, 2.2)

#

#

"
−η1 + η12 −4ζ1 ·θ1
−η1 − η12 −4ζ1 ·θ1
∀P1 ∈ [0, 1], if and only if
< 0 and
> 1 that is equivalent to η12 − 4ζ1 · θ1 + η1 + 2ζ1 > 0. Fi2 ζ1
2 ζ1
nally, if ζ 1 < 0 and 4ζ1 · θ1 − η12 ≥ 0, δ (P1 ), ν (P1 ) ≤ 0, ∀P1 ∈ [0, 1] and cˆ(P1 , O, h ) is not a convex function of P1 , ∀P1 ∈ [0,
1].



Theorem 4 states a set of additional headway settings in which highway capacity is a convex function of CAV market
penetration rate. For example, based on this theorem, for independent platooning intensity (O = 0), if the average interfacing
headway between a CAV "
and an HV is equal to the geometric mean of the expected values of headways between two
CAVs and two HVs (hˆ 10 = h̄00 h̄11 ), then with the conditions in Corollary 5, highway capacity convexly increases with CAV
penetration rate. Thereafter, taking these settings into consideration on top of the previous settings will further enhance the
highway capacity. Note that since the convexity conditions for O < 0 are so complex, these conditions are provided only for
O ≥ 0, which is suﬃcient for practical applications because the platooning intensity rarely reaches worse than the random
intensity with O = 0.
Now, to examine the claim that highway capacity increases with CAV platooning intensity, we present the necessary and
suﬃcient condition in which cˆ(P1 , O, h ) is an increasing function of O, ∀O ∈ [−1, 1].
Theorem 5. cˆ(P1 , O, h ) is an increasing function of O, ∀O ∈ [−1, 1] if and only if h̄11 + h̄00 ≤ 2hˆ 10 .
Proof. Based on Eqs. (4)–(7) and (9), cˆ(P1 , O, h ) can be rewritten as

cˆ(P1 , O, h ) =

⎧
1
⎪
⎨ αP1 (1−P1 )O+αP12 +2β P1 +h̄00
⎪
⎩

O ∈ [0, 1];
O ∈ [−1, 0 ), P1 ∈ [0, 0.5];

1
,
α P12 O+α P12 +2β P1 +h̄00
1
α (1−P1 )2 O+α P12 +2β P1 +h̄00

For a certain P1 , we obtain

dcˆ
P , O, h )
dO ( 1

O ∈ [−1, 0 ), P1 ∈ (0.5, 1].
as

⎧
−α P1 (1−P1 )
⎪
2
⎪
2
⎪
⎨ (αP1 (1−P1−)Oα+P2αP1 +2β P1 +h̄00 )

dcˆ
1
(P1 , O, h ) = (αP2 O+αP2 +2β P1 +h̄00 )2 ,
1
1
dO
⎪
2
⎪

⎪
⎩

−α (1−P1 )

(α (1−P1 )2 O+αP12 +2β P1 +h̄00 )

2

O ∈ [0, 1];
O ∈ [−1, 0 ), P1 ∈ [0, 0.5];
O ∈ [−1, 0 ), P1 ∈ (0.5, 1].

Thus h̄11 + h̄00 ≤ 2hˆ 10 is necessary and suﬃcient to
tion of O. This completes the proof. 

dcˆ
P , O, h )
dO ( 1

≥ 0, which implies that cˆ(P1 , O, h ) is an increasing func-

Theorem 5 indicates that despite the common assumption that higher CAV platooning intensity yields greater highway
capacity, in certain CAV headway settings, a higher CAV platooning intensity could reduce highway capacity. For example,
for CAV technologies in which the average interfacing headway between a CAV and an HV (hˆ 10 ) is less than the average of
h̄ +h̄

headways between two CAVs and two HVs ( 11 2 00 ), CAV platooning intensity may not help with highway capacity.
From the above analysis, we see that these conventional assumptions that have been frequently taken for granted may
not always hold in various conditions, especially under certain conservative technology scenarios. Therefore, in order to take
full advantage of emerging CAV technologies, traﬃc planners and managers have to be fully aware of all possible impacts
of different technology scenarios on mixed traﬃc capacity and be cautious in using these commonly accepted assumptions.
These insights will be demonstrated by numerical examples in the following section.
3.3. Numerical analyses
This section presents numerical examples to illustrate stochastic vehicle distribution patterns in the proposed Markov
chain model. Thereafter, we verify the analytical theorems presented in Section 3.2.1, and show the accuracy of the approximate capacity formulation. Finally, we show the impacts of CAV penetration rate and platooning intensity changes on mixed
traﬃc capacity, which also verify the presented theorems in Section 3.2.2. To perform these numerical analyses, we deﬁne
a set of default headway distributions in Table 2. For simplicity, the numerical studies only consider uniform distributions
where Uniform(a, b) denotes a uniform distribution with lower bound a and upper bound b and the parameter values are
extracted from the comprehensive literature review (see Table 1). Note that in general the proposed methods can be applied
to other general distribution patterns in the same way.
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Fig. 3. Illustrative examples for different platooning intensities.

Fig. 4. ε for different N values.

Fig. 3 shows a number of simulation results to illustrate stochastic vehicle spatial distributions for different platooning
intensities. All hsr values are stochastically distributed, ∀sr ∈ SE . The maximum platooning intensity (O = 1) is illustrated in
Fig. 3(a) and (b). With Eq. (8), π E = [P1 , 0, 0, 1 − P1 ], and thus at this intensity, in each simulation scenario, the ﬁrst vehicle
has a probability of 1 − P1 to be an HV (Fig. 3(a)) and a probability of P1 to be a CAV (Fig. 3(b)) , and all following vehicles
are of the same type as the ﬁrst vehicle. Fig. 3(c) and (d) show examples for the independent platooning intensity (O = 0) for
P1 = 0.5 and P1 = 0.75, respectively. We see that CAVs and HVs are randomly distributed. Note that based on Theorem 2, the
CAV percentage converges to P1 as N → ∞. Fig. 3(e) and (f) illustrate examples for the minimum platooning intensity (O =
−1) for P1 = 0.5 and P1 = 0.75, respectively. We see that at this platooning intensity, the vehicle spatial distribution at P1 =
0.5 yields a strict CAV-to-HV alternating pattern (Fig. 3(e)) that has the maximum segregation between CAVs and HVs. If P1
is not equal to 0.5, due to the asymmetry of CAV and HV numbers, the spatial distribution does not exhibit the perfect CAVto-HV alternating pattern, but it as well yields the maximum possible segregation between CAVs and HVs (Fig. 3(f)). These
examples demonstrates the capability of the proposed Markov chain model in describing stochastic headway distributions
across the full spectrum of platooning intensities in realistic mixed traﬃc.
Next, we verify the analytical theorems in Section 3.2.1 and test the accuracy of the proposed approximate capacity
model with numerical instances. We perform numerical instances with various N values. To compare cˆ(P1 , O, h ) with c̄, we
deﬁne a capacity error measure as ε := cˆ−c̄ c̄ × 100 (%), and calculate it for different N values. To approximate c̄ values for
a certain N, we run Markov(π E , TE ) 10 0 0 times, and set c̄ equal to the average of the observed capacities. In this analysis,
we set P1 = 0.5 and O = 0. Fig. 4 shows ε values for different N values. The results indicate that for all N values, ε ≤ 0 and
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thus cˆ(P1 , O, h ) ≤ c̄, which veriﬁes Theorem 1. Further, we see as N increases, ε → 0, and thus cˆ(P1 , O, h ) → c̄, which veriﬁes
Theorem 2. Actually, note that even with very low N values (e.g., around 10), |ε | does not even exceed 1.5%, which means
across all realistic N values, approximate capacity cˆ(P1 , O, h ) is no more than a couple of percent from ground truth capacity
c̄ that is otherwise hard to quantify. Therefore, this test conﬁrms that the approximate capacity is accurate and suitable for
engineering practices.
Now we test the impacts of CAV penetration rate and platooning intensity on highway capacity. Theorem 3 provides the
necessary and suﬃcient conditions on which cˆ(P1 , O, h ) is increasing at P1 , ∀P1 ∈ (0, 1]. The numerical results are shown
in Fig. 5. In each sub-ﬁgure, the upper and lower half ﬁgures show how cˆ(P1 , O, h ) changes with P1 and the corresponding φ (P1 , O, h), respectively. The analyses are performed for O = −0.5 and O = 0.5 as representative negative and positive O values, respectively. Fig. 5(a) shows the results for the default headways deﬁned in Table 2. This headway setting
yields h = [0.85, 1.50, 1.10, 1.50], which leads to φ (P1 , O, h) > 0, ∀P1 ∈ (0, 1] for O ∈ {−0.5, 0.5}. Then Theorem 3 indicates
that cˆ(P1 , O, h ) is an increasing function of P1 over P1 ∈ (0, 1] for O ∈ {−0.5, 0.5}, which is consistent with the results in
Fig. 5(a). To verify this theorem for other CAV technology scenarios, we change h vector elements as shown in each subﬁgure. For example, in Fig. 5(b), we set h̄11 = 1.60 s while keeping the remaining headways at their default values (i.e.,
h = [1.60, 1.50, 1.10, 1.50]). The results indicate that cˆ(P1 , O, h ) changes corresponds to φ (P1 , O, h) signs, i.e., if φ (P1 , O,
h) > 0, then cˆ(P1 , O, h ) is increasing at P1 , and if φ (P1 , O, h) < 0, then cˆ(P1 , O, h ) is decreasing at P1 , ∀P1 ∈ (0, 1]. Note that in
Fig. 5(a)–c, h̄00 ≥ hˆ 10 , and φ (P1 , O, h) is a decreasing function of P1 . Thus, if φ (P1 = p ) = 0 for some p ∈ (0, 1], then cˆ(P1 , O, h )
is an increasing function over P1 ∈ (0, p] and a decreasing function over P1 ∈ [p, 1]. On the other hand, in Fig. 5(d) and (e),
since h̄00 < hˆ 10 , φ (P1 , O, h) is an increasing function of P1 . Thus, if φ (P1 = p ) = 0 for some p ∈ (0, 1], then cˆ(P1 , O, h ) is a
decreasing function over P1 ∈ (0, p] and an increasing function over P1 ∈ [p, 1]. These numerical analyses reveal that the common assumption that highway capacity always increases with CAV market penetration rate is not necessarily true, but rather,
it depends on CAV technologies. If CAV technologies are aggressive (e.g., as the default parameters in Fig. 5(a) speciﬁes), CAV
market penetration rate helps with highway capacity. Otherwise, capacity may decrease at some market penetration rate
values, or even always decreases at any market penetration rate (see Fig. 5(e)).
Next, we show how highway capacity is affected by different CAV platooning intensities. Theorem 5 provides the necessary and suﬃcient condition on which cˆ(P1 , O, h ) is an increasing function of O, ∀O ∈ [−1, 1]. In addition to the presented
analytical theorem, we provide numerical examples with two cases as shown in Fig. 6 to test this condition. In these examples, we set P1 = 0.5 for both cases. In the ﬁrst case with the default headways, since h̄11 + h̄00 < 2hˆ 10 , cˆ(P1 , O, h ) is an
increasing function of O over O ∈ [−1, 1]. In the second case, we set h̄11 = 1.30 s while keeping the remaining headways at
their default values. Therefore, h̄11 + h̄00 > 2hˆ 10 , and cˆ is a decreasing function of O over O ∈ [−1, 1]. These examples, besides the analytical theorem, show that the usual assumption that highway capacity always increases with CAV platooning
intensity is not necessarily true; rather, it depends on CAV technologies.
4. Managed lane (ML) problem
This section presents an analytical lane management framework to determine the optimal number of lanes exclusively allocated to CAVs. Theorems 3 to 5 in the previous section indicate that at certain relatively aggressive CAV headway settings,
highway capacity increases with the CAV penetration rate and platooning intensity. In such aggressive technology scenarios,
since the CAV managed lanes have the maximum penetration rate and platooning intensity, their capacities should max
out as well. However, the performance of non-managed lanes could be worse because of the lower CAV penetration rates.
Therefore, it is important to properly balance the trade-off between the number of managed and non-managed lanes. The
proposed capacity model presented in the previous section enables us to propose an analytical lane management model to
ﬁnd the optimal number of CAV managed lanes such that highway throughput is maximized. This section describes this
managed lane problem and presents an eﬃcient solution method. Section 4.1 presents the problem setting. Section 4.2 formulates this problem and investigates a number of analytical properties. Finally, Section 4.3 provides numerical examples to
verify these analytical properties and to evaluate the performance of the proposed managed lane (ML) model.
4.1. Problem setting
We consider a section of a highway without any inﬂow or outﬂow ramps and with L number of lanes. This analysis follows a simpliﬁed macroscopic analysis paradigm (Kesting and Treiber, 2013) that considers the throughput of multiple lanes
of the same type as a multiple of the corresponding single lane throughput. While this analysis method can be calibrated
to somehow incorporate multi-lane effects at an aggregated level (see the remark in Appendix B), this study does not intend to model detailed interactions between multiple lanes, e.g., due to microscopic lane changes and merges, particularly
when CAVs are involved (Zhou et al., 2016). This however creates a future research opportunity. We assume that the traﬃc
is mixed, and denote the mixed traﬃc demand by d, the total CAV penetration rate by p, and the CAV penetration rate in
non-managed lanes by p˜ 1. We denote the resulting platooning intensity on non-managed lanes as O˜ and the vector of expected headways is h := h̄11 , h̄10 , h̄01 , h̄00 . Let lA be the number of CAV managed lanes, and QA be the total throughput in
managed lanes. In this problem, based on Theorem 2, we use cˆ as an approximation
to c̄. Denote the approximate capacity

on each managed and non-managed lane by CA := cˆ(1, 0, h ) and Cmix := cˆ p˜ 1 , O˜ , h , respectively. Finally, let Q denote the
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Fig. 5. Numerical examples to test how cˆ(P1 , O, h ) changes with P1 .
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Fig. 6. Numerical examples to test how cˆ(P1 , O, h ) changes with (O i) default headways (ii) h̄11 = 1.30 s.

Fig. 7. An illustration of ML problem setting.

total highway throughput. Fig. 7 illustrates the road geometry and the ML settings. Note that in this analysis we view platooning intensity O for the mixed traﬃc lanes as a ﬁxed exogenous parameter independent of lane management decisions.
This assumption is valid for cases where lane management decisions do not much affect the CAV clustering patterns in the
mixed traﬃc lanes. But it may not be applicable to cases where the CAV clustering patterns are highly dependent of the
lane management decisions. In the latter case, traﬃc dynamics and lane changes details need to be investigated, which is
beyond the scope of this study and left for future investigations.
4.2. Model formulation
Basically, ML determines lA such that the expected total highway throughput is maximized. More speciﬁcally, ML allocates
lA lanes for CAVs and L − lA lanes for the remaining mixed traﬃc (see Fig. 7). With Eq. (9), we obtain CA = 1/h̄11 , and

QA (lA ) = min ( pd, lACA ).
Cmix depends on the remaining CAVs left in the mixed traﬃc. Basically, when pd ≤ lA CA , all CAVs will be directed to the
managed lanes and p˜ 1 = 0; Otherwise, lA CA CAVs will be directed to the managed lanes, and the remaining ( pd − lACA ) CAVs
will be directed to the non-managed lanes. Therefore, p˜ 1 is determined as

p˜ 1 (lA ) :=

max (0, pd − lACA )
,
max (1, d − QA )

(12)

where the maximization operator in the denominator just ensures p˜ 1 is well deﬁned even when QA = d.
We also deﬁne the corresponding percentage of HVs on the non-managed lanes as p˜ 0 . Then we apply the analytical
capacity model proposed in Section 3 for the mixed traﬃc in the non-managed lanes. Note that after the vehicles are redistributed on managed lanes and non-managed lanes after the lane management activates, the resulting platooning intensity
on the non-managed lanes may change depending on lA and other parameters and the speciﬁc lane change (or vehicle redistribution) policies. We just denote the resulting platooning intensity as O˜ (lA ). For realistic scenarios, we only consider
input platooning intensity O ≥ 0. And it is reasonable to assume that O˜ (lA ) does not increase with lA since as more CAVs
change to managed lanes, the remaining CAVs on non-managed lanes are likely more dispersed. Note that O˜ (lA ) may not be
well deﬁned when lA is suﬃciently large such that no CAV appears on non-managed lanes. In this case, the value of O˜ (lA )
would not affect the associated capacity values, and for simplicity, we can assign any values to O˜ (lA ) (e.g., values that ensure
O˜ (lA ) decreases with lA ). This study just assumes that O˜ (lA ) is a given function. While we illustrate the shape of O˜ (lA ) under
a speciﬁc lane change policy with numerical examples in the next section, we would like to leave investigation of general
lane change protocols and their impacts on O˜ (lA ) in the future study. With this, we obtain the approximate capacity Cmix as
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1

Cmix (lA ) = 
s,r∈S

(13)

p˜ s tsr ( p˜ 1 , O˜ (lA ))h̄sr

With this, Q can be formulated as

Q (lA ) = QA + min (d − QA (lA ), (L − lA )Cmix (lA ) ).

(14)

ML aims to ﬁnd the optimal number of lA such that Q is maximized. We denote
respectively. Thus, the ML optimization problem can be formulated as follows.

ML :

Q ∗ := max Q (lA )

subject to

l A ∈ [0 , 1 , . . . , L ]

lA∗

and

Q∗

the optimal solutions to ML,

(15)

lA

Note that since decision variable lA∗ is an integer value, ML is an integer programming (IP) problem, but it is easy to be
solved since it only has one variable lA and its feasible region is just a few discrete values. Next, we investigate relevant
theoretical properties in hope of obtaining a closed-form analytical solution to ML in certain special (yet not uncommon)
settings. Let C (l ) := l · CA + (L − l ) · Cmix (l ), l ∈ [0, 1, · · · , L] be the total highway capacity. Two types of traﬃc are examined,
i.e., unsaturated and saturated. The traﬃc is called unsaturated if the total demand is less than the total mixed traﬃc
capacity before lane management, i.e., d ≤ C (lA = 0 ). Otherwise, if the total demand is greater than the total mixed traﬃc
capacity before any lane management, i.e., d > C (lA = 0 ), we call the traﬃc saturated.
Lemma 5. Given the conditions in Corollary 5, C (l ), l ∈ [0, 1, . . . , L] is an increasing function of l. The proof is provided in
Appendix A.5.
Theorem 6. Deﬁne lf := pd/CA , lc := pd/CA  and



l u := l ∈ l c , l c + 1, . . . , L



| (L − l )Cmix (l ) ≤ (1 − p)d < (L − l + 1 )Cmix (l − 1 ) .

Given the conditions in Corollary 5, when the traﬃc is unsaturated, optimal solution lA∗ can be any value in [0, 1, . . . , l u − 1].
Proof. With Lemma 5 and the deﬁnition, 
d ≤ C (0 ) = LCmix (0 ) ≤ C (l ), ∀l ∈ [1, 2, . . . , L]. Thus d − l · CA ≤ (L − l ) · Cmix (l ), ∀l ∈
[0, 1, . . . , L], and since for all l ∈ 0, 1, . . . , l f , QA = l · CA ,





Q (l ) = l · CA + d − l · CA = d, ∀l ∈ 0, 1, . . . , l f .





For all l ∈ l c , l c + 1, . . . , L , QA = pd. Thus





Q (l ) = pd + min {(1 − p)d, (L − l )Cmix (l )}, ∀l ∈ l c , l c + 1, . . . , L .





With the deﬁnition, we obtain (1 − p)d < (L − l )Cmix ( p˜ 1 (l ) ), ∀l ∈ l c , . . . , l u − 1 . Thus





Q (l ) = d, ∀l ∈ l c , . . . , l u − 1 ,





Q (l ) = pd + (L − l )Cmix (l ), ∀l ∈ l u , . . . , L .













Since (1 − p)d ≥ (L − l )Cmix (l ), ∀l ∈ l u , . . . , L , we obtain Q (l ) ≤ d, ∀l ∈ l u , . . . , L . Thus, lA∗ could be any l ∈ 0, 1, . . . , l u − 1 .
This completes the proof. 
Lemma 6. Given the conditions in Corollary 6, C(l) is a decreasing function of l. The proof is provided in Appendix A.6.
Theorem 7. Deﬁne l d := {l ∈ [1, 2, . . . , L] | C (l) < d ≤ C (l − 
1 )}. Given
6, when the traﬃc is unsatu the conditions in Corollary


rated, optimal solution l ∗ can be any value in 0, 1, . . . , min l f , l d
if ld exists, or any value in 0, 1, . . . , l u − 1 otherwise.
A

Proof. With Lemma 6 and the deﬁnition, d ≤ C (0 ) = LCmix (0 ), ∀l ∈ [1, 2, . . . , L]. First, assume that ld exists. Then, we obtain
d − l · CA ≤ (L − l )Cmix (l ), ∀l ∈ [0, · · · , l d ] and d − l · CA > (L − l )Cmix (l ), ∀l ∈ [l d + 1, · · · , L]. If l f ≤ l d , then





Q (l ) = l · CA + d − l · CA = d, ∀l ∈ 0, . . . , l f ,





Q (l ) = pd + d − l · CA < d, ∀l ∈ l f + 1, . . . , l d ,





Q (l ) = pd + (L − l )Cmix (l ) < pd + d − l · CA < d, ∀l ∈ l d + 1, . . . , L .
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Otherwise, if lf > ld , then





Q (l ) = l · CA + d − l · CA = d, ∀l ∈ 0, . . . , l d ,





Q (l ) = l · CA + (L − l )Cmix (l ) = C (l ) < d, ∀l ∈ l d + 1, . . . , l f ,





Q (l ) = pd + (L − l )Cmix (l ) < pd + d − l · CA < d, ∀l ∈ l f + 1, . . . , L .
Next, if ld does not exist, we obtain that d ≤ C (l ), ∀l ∈ [0, 1, . . . , L]. Thus,





Q (l ) = l · CA + d − l · CA = d, ∀l ∈ 0, . . . , l f ,





Q (l ) = pd + d − pd = d, ∀l ∈ l f + 1, . . . , l u − 1 ,





Q (l ) = pd + (L − l )Cmix (l ), ∀l ∈ l u , . . . , L .













Since (1 − p)d ≥ (L − l )Cmix (l ), ∀l ∈ l u , . . . , L , we obtain Q (l ) < d, ∀l ∈ l u , . . . , L . Thus, lA∗ could be any l ∈ 0, 1, . . . , l u − 1 .
This completes the proof. 
Corollary 7. In unsaturated traﬃc, lA∗ = 0 is always an optimal solution to ML.
Theorem 8. Given the conditions in Corollary 5, when the traﬃc is saturated with p < 1 and d ≥ C (L ), the optimal solution to
ML satisﬁes lA∗ ∈ l f , l c if lc ≤ L or lA∗ = L otherwise.
Proof. Following the previous theorems proofs, the deﬁnition of the saturated traﬃc with d ≥ C (L ) and the condition of
p < 1, we obtain d − l · CA ≥ (L − l )Cmix (l ), ∀l ∈ [0, 1, · · · , L]. We ﬁrst investigate the cases with lc ≤ L. We obtain





Q (l ) = l · CA + (L − l )Cmix (l ) = C (l ), ∀l ∈ 0, 1, . . . , l f ,





Q (l ) = pd + (L − l )Cmix (l ), ∀l ∈ l c , l c + 1, . . . , L .

 





Then Lemma 5 yields Q l f ≥ Q (l ), ∀l ∈ 0, 1, . . . , l f − 1 . Further, since with Lemma 5 and the conditions in Corollary 5,







Cmix (l) is a decreasing function of l, Cmix (l + 1 ) ≤ Cmix (l ), ∀l ∈ [0, 1, . . . , L − 1] and Q l c > Q (l ), ∀l ∈ l c + 1, l c + 2, . . . , L .
Thus, l ∗ = l f or l ∗ = l c . If lf ≥ L, we obtain Q (l ) = C (l ), ∀l ∈ [0, 1, . . . , L]. Thus with Lemma 5, Q (L ) ≥ Q (l ), ∀l ∈ [0, 1, . . . , L − 1],
A

A

and lA∗ = L. This completes the proof.



Theorem 9. Given the conditions in Corollary 6, when the traﬃc is saturated, the optimal solution satisﬁes lA∗ = 0.
Proof. With the deﬁnition of the saturated traﬃc and Lemma 6, we obtain d > C (0 ) ≥ C (l ), ∀l ∈ [1, 2, . . . , L]. Thus d − l · CA >
(L − l )Cmix (l ), ∀l ∈ [0, 1, . . . , L] and





Q (l ) = l · CA + (L − l )Cmix (l ) = C (l ), ∀l ∈ 0, 1, . . . , l f ,





Q (l ) = pd + (L − l )Cmix (l ) ≤ C (l ), ∀l ∈ l c , l c + 1, . . . , L .
Then due to Lemma 6, Q(l) decreases with l ∈ [0, 1, . . . , L], and thus Q (0 ) ≥ Q (l ), ∀l ∈ [1, 2, . . . , L]. Thus lA∗ = 0. This completes
the proof. 
Corollary 8. If p = 0 or 1, optimal solution lA∗ can be value in [0, 1, . . . , L].
The above analysis shows the analytical solution to ML in several special cases. In summary, if the traﬃc is unsaturated,
it is always safe to set lA∗ = 0 because apparently the road capacity is suﬃcient regardless of lane management. Further,
at the two extreme market penetration values, i.e., p = 0 or 1, CAV lane management is meaningless. In saturated traﬃc,
when CAV headways are in general less than those from mixed traﬃc, lA∗ shall increase with the demand until all lanes
are assigned to CAVs. In practice, when the CAV demand alone is suﬃciently large, HVs can be detoured to other routes or
just allowed to use a minimum number of lanes to ensure the maximum traﬃc throughput. Moreover, for certain relatively
conservative CAV technology scenarios, allocating any CAV lane decrease the throughput. Thus, CAV lane management is not
necessary.
However, in other general cases, such a closed-form analytical solution may not always exist. Fortunately, the feasibility
region of the proposed ML model is a ﬁnite set containing only L + 1 elements. Thus ML can be eﬃciently solved by the
exhaustive enumeration method. Basically, we can evaluate the values of objective Q for all possible lA values and select the
one that maximizes Q.
Remark 1. While the proposed ML model focuses on stationary traﬃc, as long as the traﬃc does not vary too dramatically,
it can be applied to dynamic traﬃc management as well . Basically, the number of the CAV lanes can be adjusted periodically
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Table 3
Headway parameters for numerical analyses for ML problem.
Aggressive
h11
h10
h01
h00

Uniform(0.3,
Uniform(0.8,
Uniform(0.5,
Uniform(0.8,

0.7)
2.2)
1.0)
2.2)

Moderate

Conservative

Uniform(0.6, 1.1)
Uniform(0.8, 2.2)
Uniform(0.7, 1.5)
Uniform(0.8, 2.2)

Uniform(1.0, 2.5)
Uniform(0.8, 2.2)
Uniform(1.0, 2.5)
Uniform(0.8, 2.2)

Fig. 8. Illustration of lane change policy.

based on observations of real-time upstream traﬃc inputs. As long as the traﬃc is relatively stationary in each time period,
this quasi-dynamic control strategy shall yield a total throughput close to the theoretical maximum value. However, when
traﬃc is highly dynamic and much dependent of upstream and downstream traﬃc conditions, more sophisticated dynamic
control methods shall be investigated, which is out of the scope of this study but worth future studies.
4.3. Numerical analyses
This section presents numerical examples for the ML problem. First, we illustrate the shape of O˜ (lA ) for a simple lane
change policy and show O˜ (lA ) monotonically decreases with lA . Second, we verify Theorems 6 to 9 with numerical examples.
For illustration purposes, we just simply set O = 0, which yields O˜ (lA ) = 0, ∀lA with our proposed lane change policy. Then,
we perform a sensitivity analysis on the effects of d changes on ML solution lA∗ . Further, a sensitivity analysis is performed

on the impacts of p changes on lA∗ , Q∗ , and C lA∗ . In all of these examples, we set L = 5. Moreover, to evaluate the effects of
different CAV technologies, we deﬁne three CAV technology scenarios: aggressive, moderate, and conservative. The assumed
headway parameters for these scenarios are provided in Table 3. The lower and upper bounds for the aggressive and the
moderate scenarios are assumed based on the values found in the literature review (see Table 1). These two headway
settings meet the conditions in Corollary 5. On the other hand, in the conservative scenario, we assumed that the CAVs are
more conservative than HVs, and the conditions in Corollary 6 are met.
To validate the assumption that O˜ (lA ) decreases with lA , we conduct numerical experiments with a simple lane change
policy. This proposed lane change policy is described as follows. We consider a highway comprised of two segments, the
non-managed segment upstream and the managed segment downstream, as illustrated in Fig. 8. The longitudinal coordinate
of this highway increases downstream, and the origin of the coordinate system is set at the entrance of the managed lane
segment. We populate a stream of vehicles in the same way in Section 3.3, except that they are placed on the non-managed
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Fig. 9. O˜ (lA ) shape for different lA and O values.

Fig. 10. Evaluating Q for different lA . (For interpretation of the references to color in the text, the reader is referred to the web version of this article.)

segment initially. We index all vehicles by their location values in descending order, as illustrated
 in Fig.
 8(a). Upon arriving
the entrance of the managed segment, if this vehicle is a CAV, it has a probability of min



pd−Q



QA
,1
lA pd

to appear on each

A
managed lane (and thus a probability of max (L−l ) pd
, 0 to appear on each non-managed lane). Otherwise, if it is an
A
HV, it will stay on the same lane if it is already on a non-managed lane, or it will change to a non-managed lane and
1
the probability to change to each non-manged lane is equal to L−l
. We assume that lane change probabilities of different
A

vehicles are independent. This is a simple lane change strategy to ensure that CAVs fully utilize the managed lanes and
vehicle lane changes are random and independent from each other. This represents the case when vehicles make lane change
decisions in a decentralized manner. We assume they proceed at the same speed, and thus a vehicle with the smaller index
enters the managed segment at an earlier time. After all these vehicles enter the managed segment, they complete lane
changes and are redistributed on the managed segment as Fig. 8(b) illustrates.
With this lane change policy, we investigate the O˜ (lA ) shape with different input O values for incoming traﬃc on the
upstream non-manged segment. We set d = 16500 vph and p = 0.65, and consider all vehicles arriving at the managed
segment in one hour. The highway has L = 5 lanes. We let lA vary from 0 to 2 (a higher lA would result in zero CAVs on
non-managed lanes, and O˜ (lA ) could be trivially set to 0 as discussed in Section 4.2), and let O vary between 0 and 0.9. For
each pair of lA and O values, we can simulate the vehicle redistribution after entering the managed segment according to
the above-deﬁned lane change policy. We repeat 50 times for each instance (just to cancel out the impact from random
noise) and then apply the proposed method in Appendix B to obtain the average O˜ (lA ) value for all non-managed lanes.
Fig. 9 shows the obtained O˜ (lA ) values for all lA and O values. We see that for all O values, O˜ (lA ) does not decrease with lA ,
which conﬁrms that the corresponding assumption is valid. Moreover, the results indicate that if O = 0, then O˜ (lA ) = 0, ∀lA ,
and thus O˜ (lA ) is not affected by decision lA in this case. For illustration purposes, all following numerical experiments use
this setting with O = 0.
Next, we perform simulation analysis to verify Theorems 6 to 9, and the results are shown in Fig. 10. In this analysis,
we set p = 0.5, O = 0, and the same lane change policy is used, which yields O˜ (lA ) = 0, ∀lA . The headways are set to the
moderate and conservative scenarios, which are satisfying the conditions in Corollary 5 and 6, respectively. We consider
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Fig. 11. Sensitivity analysis on d for the ML problem.

four different levels of d. The lA∗ values at each demand level are shown with circle markers in Fig. 10. When d = 70 0 0 vph
(the blue curve) and d = 110 0 0 vph (the green curve), we see from the ﬁgure that numerical results yield lA∗ = 0, 1, 2, 3
and lA∗ = 0, 1, 2, respectively. On the other hand, since Eq. (13) yields C (lA = 0 ) = 14545 vph > d, the traﬃc should be unsaturated. Theorem 6 indicates that given the conditions in Corollary 5, when the traﬃc is unsaturated, lA∗ could be any


l ∈ 0, 1, . . . , l u − 1 , which is consistent with the corresponding numerical results (see Fig. 10(a)). Further, Theorem 7 in-





dicates that given the conditions in Corollary 6 and in unsaturated traﬃc, lA∗ can be any value in 0, 1, . . . , min l f , l d





if



ld exists, or any value in 0, 1, . . . , l u − 1 otherwise, which again is consistent with the corresponding numerical results
(see Fig. 10(b)). When d = 30 0 0 0 vph (the orange curve), we obtain d > C (lA = 0 ) and lc ≤ L, and thus the traﬃc is saturated. Given that the conditions in Corollary 5 are met and d > C (L ) = 21176 vph, Theorem 8 yields lA∗ = l f or lA∗ = l c , which
matches the numerical results shown in Fig. 10(a). When d = 50 0 0 0 vph, we obtain d > C (lA = L ) and l c = L. Therefore,
Theorem 8 yields lA∗ = L, which again is consistent with the numerical results in the ﬁgure. While we understand that some
of these demand values look too high and may rarely occur in real-world traﬃc, in order to test the borders and limits of
the theoretical predictions (e.g., when allocating all L lanes to CAVs would maximize the total traﬃc throughput), it is yet
necessary to examine these hypothetical demand values. Since these values are just hypothetical and our focus is analytical
capacity on the investigated segment, this study does not intend to extensively investigate the consequences of an overly
high demand level (e.g., detour and queuing management), though these issues are worth future investigations. Nonetheless,
if such high demand values really take place, one simple management measure is to set as many CAV lanes as possible and
detour the overcapacitated traﬃc to other alternative routes. To take the case of d = 50 0 0 0 vph as an example, if all lanes
are managed for CAVs, then 3824 CAVs and 250 0 0 HVs should be detoured to other routes per hour. If for some reason
(e.g., to release HVs trapped in the queue or for some equity concerns) traﬃc managers decide to allow at least some mixed
traﬃc to access this road segment, then lA∗ could be set to a sub-optimal value (e.g., lA∗ = L − 1). To make such decisions, this
model enables the traﬃc managers to evaluate the levels of highway throughput reduction for different management strategies. For instance, in this example, with one and two non-managed lane(s), the throughput reduces to 19536 and 18075 vph,
respectively (see the red curve in Fig. 10(a)), and thus the remaining demand that should be detoured is 8059 vph CAVs and
22406 vph HVs for one non-managed lane and 12294 vph CAVs and 19631 vph HVs for two non-managed lanes. Finally,
when d = 30 0 0 0 and d = 50 0 0 0 vph in the conservative scenario, we obtain that lA∗ = 0. Theorem 9 indicates that given the
conditions in Corollary 6 and in saturated traﬃc, lA∗ = 0, which matches the numerical results (see Fig. 10(b)). In summary,
at all these demand levels, the theoretical analytical solutions exactly match the numerical results.
Fig. 11 shows the results of the sensitivity analysis on d for the three deﬁned CAV technology scenarios. In this analysis,
we set p = 0.5 and O = 0. It is found that in the aggressive and the moderate scenarios, lA∗ increases with d. Moreover, at
the same d value, the aggressive scenario needs less or equal CAV managed lanes compared with the moderate scenario. On
the other hand, the results in the conservative scenario show that lA∗ is always zero and does not change with d.
Fig. 12 shows the results of the sensitivity analysis on p for the three CAV technology scenarios. In this analysis, we set
O = 0 and d = 30 0 0 0 vph. Fig. 12(a) presents the ML solutions for different p values in all three CAV technology scenarios.
The results show that in the aggressive and the moderate scenarios, lA∗ increases with p. It is also found that lA∗ generally has
lower values in the aggressive scenario than in the moderate scenario. Whereas in the conservative scenario, lA∗ = 0 and is

insensitive to p. Fig. 12(b) shows the Q∗ and C lA∗ values correspond to the ML solutions shown in Fig. 12(a). As it is shown



in Fig. 12(b), since the aggressive and the moderate scenarios meet the conditions in Corollary 5, when lA∗ increases, C lA∗
jumps to a greater value, which is consistent with Lemma 5. On the other hand, in the conservative scenario, the conditions
in Corollary 6 are met, and as it is shown in Fig. 12(b), C lA∗ decreases with p. The results also show that in the aggressive
scenario, when p ≥ 0.92, C (lA = 0 ) > d. Thus, the traﬃc conditions change from saturated to unsaturated, and lA∗ drops to
zero, which is consistent with Theorem 6.
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Fig. 12. Sensitivity analysis on p for the ML problem.

5. Conclusion
This paper proposes an analytical stochastic formulation for mixed traﬃc highway capacity as a function of three critical
factors: CAV penetration rate, CAV platooning intensity and mixed traﬃc headway settings. We ﬁrst conduct a review of the
literature on headway distributions for mixed and pure CAV traﬃc, and the outcomes are used in the numerical analyses in
which we evaluate hypothetical CAV technology scenarios with different headway distributions. We propose a Markov chain
model to analytically formulate mixed traﬃc capacity under stochastic and heterogeneous headway settings across the full
spectra of CAV market penetration rates and platooning intensities in mixed traﬃc. Both theoretical and numerical analyses show that the proposed Markov chain model can eﬃciently and accurately quantify mixed traﬃc capacity. Moreover,
our analytical analyses reveal that contrary to the ubiquitous assumption that higher CAV penetration rates and platooning
intensities always yield greater mixed traﬃc capacity, these two factors may not always help improve highway capacity.
Therefore, as CAV market penetration rate (Bansal and Kockelman, 2017; Chen et al., 2016; Lavasani et al., 2016; Hadi et al.,
2016) and platooning intensity increase in the future, traﬃc operators have to be aware of possible impacts of different CAV
technologies on capacity.
Based on the proposed analytical capacity model, we develop a compact lane management model to eﬃciently
determine the optimal number of CAV exclusive lanes to maximize mixed traﬃc throughput with different demand
levels, CAV market penetration rates, platooning intensities and technology scenarios. Both theoretical and numerical analyses show that the proposed model can achieve the optimal solution with various parameter values. Numerical analyses show that under certain CAV technologies, our lane management solution can signiﬁcantly increase traﬃc
throughput.
This study can be extended in a number of directions in the future. This study adopts a static approach into mixed
traﬃc capacity formulation on a single-lane highway segment. It is interesting to investigate how microscopic traﬃc dynamics (e.g., traﬃc ﬂow instabilities) and lane changing maneuvers impact
 highway capacity in mixed traﬃc. One way to
address this issue is to generalize expected headways h̄11 , h̄10 , h̄01 , h̄00 to incorporate the effects of lane changes at an
aggregated level (e.g., associating these headway values with a lane change intensity). These generalized headways will
mainly affect these parameter values and the majority of the proposed formulations will remain valid. Further, similar to
Appendix B, the generalized headway values can be calibrated at an aggregated level. Extended from the analytical formulation on the maximum capacity, it is possible to analytically quantify the traﬃc ﬂow rate across the full spectrum of
traﬃc densities in both undersaturated and congested conditions for mixed traﬃc. The proposed lane management framework focuses on a highway section with relatively stationary traﬃc. Integrating network traﬃc dynamics may further enhance the applicability of the proposed managed CAV lane concept. Further, it is worth investigating how lane management decisions and vehicle platooning affect CAV clustering patterns in the remaining mixed traﬃc under realistic traﬃc
settings.
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Appendix A. Lemma proofs
A.1. Lemma 1



Proof. Deﬁne hu1 := hun2 ≥ 0


∀n



, hu2 := hun2 ≥ 0


∀n



and hu3 := hun3 := 0.5hun1 + 0.5hun2 ≥ 0

vex is equivalent to showing 0.5 f (hu1 ) + 0.5 f (hu2 ) ≥ f (hu3 ). Then we obtain:

0.5 f ( hu1 ) + 0.5 f ( hu2 )
=
f ( hu3 )

0.5
N−1 u1
n=1 hn

n=1

n=1

. Proving function f( · ) is con-

hun3

N−1
= N−1

∀n

0.5
N−1 u2
n=1 hn

+

1
N−1



2

hun3

N−1
u1

n=1

hn

= 
N−1
n=1

n=1

hun2
N−1

hun3
N−1

2

n=1

hun3

2

− 0.25

n=1

hun1 −

N−1
n=1

hun2

2

≥ 1.
This completes the proof.



A.2. Lemma 2
Proof. Based on the deﬁnition of invariant distribution (Norris, 1998), we just need to show π E T E = π E .

⎡

t11
⎢0
E
E
π T = [P1t11 , P1t10 , P0t01 , P0t00 ].⎣
t11
0



t10
0
t10
0

0
t01
0
t01

⎤

0
t00 ⎥
0⎦
t00



2
2
= P1 t11
+ P0 t01 t11 , P1 t11 t10 + P0 t01 t10 , P1 t10 t01 + P0 t00 t01 , P1 t10 t00 + P0 t00
.

We obtain the elements of the above vector as following:

P1
(1 − t11 ) · t11 = P1 t11 ,
1 − P1
P1
= P1 · (1 − t10 ) · t10 + (1 − P1 ) ·
t10 · t10 = P1 t10 ,
1 − P1
P0
= (1 − P0 ) ·
t01 · t01 + P0 · (1 − t01 )t01 = P0 t01 ,
1 − P0
P0
2
= (1 − P0 ) ·
= P0 t00 .
(1 − t00 ) · t00 + P0t00
1 − P0

2
2
P1 t11
+ P0 t01 t11 = P1 t11
+ (1 − P1 ) ·

P1 t11 t10 + P0 t01 t10
P1 t10 t01 + P0 t00 t01
2
P1 t10 t00 + P0 t00

Thus π E T E = π E , which completes the proof.



A.3. Lemma 3



Proof. If O < 1 and 0 < Ps < 1, then Ps tsr (P1 , O) > 0, ∀s, r ∈ S. Thus it is intuitive that Pr Xn+1 = s r  | Xn = ss =


Ps tsr (P1 , O ) > 0, ∀sr, s s ∈ SE , ∀n ∈ N \{N }. With this, we know ∀sr, s r ∈ SE , Pr X3 = s r  | X1 = sr ≥ Pr X3 = s r  | X2 = rs ·



Pr X2 = rs | X1 = sr > 0. Thus all states in SE communicate each other, i.e., sr↔s r , ∀sr, s r ∈ SE . Based on Theorem 1.2.1

in Norris (1998), Markov(π E , TE ) is irreducible. Also, since all states in SE form a ﬁnite closed class, Theorem 1.5.6 in
Norris (1998) shows that all states in SE are recurrent. Further, based on Lemma 2 and Theorem 1.7.7 in Norris (1998),
all states in SE are positive recurrent. This completes the proof. 
A.4. Lemma 4

Proof. We ﬁrst investigate the cases where Markov(π E , TE ) is non-recurrent, i.e., P1 = 1 or P0 = 1 (O < 1). When P1 = 1,
Eqs. (4) and (5) yield t11 = 1, which indicates sr = 11 is an absorbing state. This further yields πsrE = 1, which indicates that
N11
all vehicles are CAVs or N11 = N − 1. Then it is easy to obtain N−1
= P1 t11 = 1. Similarly, when P0 = 1, with a similar logic,
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00
we can show that N−1
= P0 t00 = 1. Further, for cases where 0 < Ps < 1, ∀s ∈ S, based on Lemmas 2 and 3, Markov(π E , TE ) is
irreducible with an invariant distribution π E and all states in SE are positive recurrent. Based on the deﬁnition, we obtain

N





Isr s r  =
Let I¯sr :=


s r  ∈S

1,
0,

if s r  = sr;
otherwise.




E I s r  . Theorem 1.10.2 in Norris (1998) shows that as N → ∞,
π
sr
sr
E

1
N−1



n∈N \{N } Isr (Xn )

→ I¯sr for all

sr ∈ SE . Since I¯sr = πsrE , and based on the deﬁnition of Nsr , we obtain

 N
sr

Pr

N−1



→ πsrE as N → ∞ = 1, ∀sr ∈ SE .

This completes the proof.



A.5. Lemma 5
Proof. Given the conditions in Corollary 5, Cmix (l) increases with p˜ 1 and O˜ . Since CA is identical to Cmix when p˜ 1 = 1, we
obtain CA ≥ Cmix (l ), ∀l ∈ [0, 1, . . . , L] for all p˜ 1 ∈ [0, 1]. Further, we see from Eq. (12) that p˜ 1 (l ) is a decreasing function of l,
and we assume that O˜ (l ) decreases with l as well. Thus, Cmix (l) is a decreasing function of l. With this, we obtain C (l + 1 ) −
C (l ) = CA − Cmix ( p˜ 1 (l + 1 )) + (L − l )(Cmix (l ) − Cmix (l + 1 )) ≥ 0, ∀l ∈ [0, 1, . . . , L − 1]. This completes the proof. 
A.6. Lemma 6
Proof. Given the conditions in Corollary 6, Cmix (l) decreases with p˜ 1 and O˜ in this case. Since CA is identical to Cmix when
p˜ 1 = 1, we obtain CA ≤ Cmix (l ), ∀l ∈ [0, 1, . . . , L] for all p˜ 1 ∈ [0, 1]. Further, with Eq. (12), p˜ 1 (l ) is a decreasing function of
l, and again we assume O˜ (l ) decreases with l. Thus, Cmix (l) is an increasing function of l. Therefore, C (l + 1 ) − C (l ) = CA −
Cmix (l + 1 ) + (L − l )(Cmix (l ) − Cmix (l + 1 )) ≤ 0, ∀l ∈ [0, 1, . . . , L − 1]. This completes the proof. 
Appendix B. Calibration of parameter O
This section describes the procedure to calibrate platooning intensity parameter O. We consider a stream of N vehicles in the mixed traﬃc highway. With these vehicles, we measure P1 and count Nsr , ∀sr ∈ SE . Lemma 4 shows that
 Nsr
Pr N−1
→ Ps tsr as N → ∞ = 1, ∀sr ∈ SE . Thus given a suﬃciently large number of N, we obtain

tsr 

Nsr
, ∀sr ∈ SE .
Ps (N − 1 )

(16)

Let Osr denote the platooning intensity value corresponding to tsr , ∀sr ∈ SE . Then, using Eqs. (4)–(7), we can calculate two O
values for each sr ∈ SE . First, we assume that Osr ≥ 0, ∀sr ∈ SE . Then with Eqs. (4)–(7) and (16), we obtain

P1
N11
−
,
P1 (1 − P1 )(N − 1 ) 1 − P1
N10
=1−
,
P1 (1 − P1 )(N − 1 )
N01
=1−
,
P1 (1 − P1 )(N − 1 )
1 − P1
N00
=
−
.
P1 (1 − P1 )(N − 1 )
P1

O11 =
O10
O01
O00

Now, we verify the assumption Osr ≥ 0, ∀sr ∈ SE . If this assumption does not hold for any sr ∈ SE , i.e.,Osr < 0, then we use
the corresponding equation for sr as follows.

O11 =
O10 =
O01 =
O00 =

N11
N−1

− P12

min (P1 , 1 − P1 ) − P1 (1 − P1 )
P1 (1 − P1 ) −

N10
N−1

min (P1 , 1 − P1 ) − P1 (1 − P1 )
P1 (1 − P1 ) −

N01
N−1

min (P1 , 1 − P1 ) − P1 (1 − P1 )
N00
N−1

− (1 − P1 )2

min (P1 , 1 − P1 ) − P1 (1 − P1 )

,
,
,
.
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Fig. 13. Calibration error of O for different N values.

Finally, we set the calibrated O value to the average of the obtained Osr , ∀sr ∈ SE values.
Next, to test the calibration accuracy, we examine the calibration error with different numbers of vehicles considered in
the calibration process (i.e., N). We ﬁrst randomly populate a stream of vehicles with computer simulation in the same way
in Section 3.3. We test multiple instances with underlying P1 = 0.5 and O varying from −1 to 0.9 with an interval of 0.1. Then
against the populated vehicle distribution, we apply the above proposed calibration method to obtain a calibrated O value.
Then the difference between the underlying and calibrated O values is recorded as an error value that indicates the goodness
of the calibration. Fig. 13 shows the average error values across a range of N values. The error is ﬁrst averaged across all
tested O values. Further, to reduce the random effects of vehicle distributions on the outcomes, we run the simulation 20
times and obtain the average error. As it is shown in this ﬁgure, even for low numbers of N, the calibration error is relatively
low, which indicates that the proposed calibration method is accurate and reliable.
Remark. We should point out that this data-driven approach to learn the platooning intensity can indirectly take into account the lane change effects, at least from an aggregated level. In general, the more frequently lane changes are allowed,
the higher platooning intensity is likely, so is the expected headway among vehicle clusters. Again this study focuses on
an equilibrium ﬂow, where all individual lane-change, vehicle taking-over and stop-and-go elements are assumed to be
equilibrated and aggregated at the maximum capacity level. A previous study Qian et al. (2017) actually detailed a similar aggregated approach incorporating lane changes, over taking and microscopic traﬃc perturbations for multi-class traﬃc,
which has been validated to perform well with real-world trajectory data. With this, we expect that the proposed calibration
approach in this section shall too perform well when real-world data on mixed CAV traﬃc is available.
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