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This paper generalizes and extends classical traffic assignment models to characterize the
statistical features of Origin-Destination (O-D) demands, link/path flow and link/path costs,
all of which vary from day to day. The generalized statistical traffic assignment (GESTA)
model has a clear multi-level variance structure. Flow variance is analytically decomposed
into three sources, O-D demands, route choices and measurement errors. Consequently,
optimal decisions on roadway design, maintenance, operations and planning can be made
using estimated probability distributions of link/path flow and system performance. The
statistical equilibrium in GESTA is mathematically defined. Its multi-level statistical struc-
ture well fits large-scale data mining techniques. The embedded route choice model is con-
sistent with the settings of O-D demands considering link costs that vary from day to day.
We propose a Method of Successive Averages (MSA) based solution algorithm to solve for
GESTA. Its convergence and computational complexity are analyzed. Three example net-
works including a large-scale network are solved to provide insights for decision making
and to demonstrate computational efficiency.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

For decades, static traffic assignment has been playing a pivotal role in roadway planning and operations. Conceptually,
the traffic assignment problem maps Origin-Destination (O-D) demands q 2 RR�S

þ to link flow x 2 RN
þor path flow f 2 RK

þ,
/ : q # x; f ð1Þ

where R; S;N;K is the cardinality of the set of origin nodes, destination nodes, links and paths. / captures individual travelers’
route choice bahvior.

The classical traffic assignment problem overlooks the variation of demand and flow, a critical feature of recurrent traffic.
The variation of recurrent traffic differs from the variation of non-recurrent traffic by nature. Under the non-recurrent flow,
O-D demands and travel behavior are abnormally disrupted, subject to possibly significant change in infrastructure capacity
or demand characteristics. Consequently, the supply and/or demand follow a completely different pattern from a regular day
when traffic conditions are stabilized from day to day. The variation of recurrent traffic, on the other hand, is due to the ran-
dom nature of demand and supply without substantial external interventions. The term ‘‘reliability” in the literature often-
times measures how different is a non-recurrent pattern is away from a recurrent pattern. However, this paper studies the
variation of recurrent patterns to understand the network reliability under repetitive traffic patterns.
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The increasing quantity and quality of traffic data enable modeling more complicated statistical features of demand than
the ‘‘mean”. Instead of sampling traffic counts or travel times on sparse locations and several days of a year, prevailing tech-
nologies collect various kinds of data all years along in high spatio-temporal resolutions. For example, we acquire 5-min traf-
fic counts data of all Tuesdays/Wednesdays/Thursdays in May 2015 from PeMS (http://pems.dot.ca.gov/) for two fixed sites
on California SR-41. The daily time-varying counts on each day and their daily average are plot in Fig. 1. Without incidents,
the counts of those two locations clearly exhibit recurrent patterns. The 5-min counts at the same time of day vary by up to
50 veh/5 min, but the overall trend seems repetitive from day to day. If one would make decisions on design, planning or
operations of this road segment, using the mean is hardly sufficient. Knowing the variance of flow allows a better under-
standing of network performance and reliability. In fact, one would expect similar results from examining other performance
metrics, such as travel time.

To understand the statistical features of recurrent flow patterns, we therefore model demands, link and path flows by
multivariate random variables, Q ;X; F, respectively. This paper generalizes and extends most existing statistical assignment
models, namely /, to map the probability distribution of demands to that of link and path flow.
Fig. 1.
referen
/ : Q # X; F ð2Þ

where / captures the stochastic route choice behavior. In the generalized statistical traffic assignment (GESTA), the variation
of observed link and path flow stems from three sources, demand variation, route choice variation and measurement errors.
Route choice variation is induced by both individual random choices and individual perception variation on travel costs.
Demand or perception variation alone, sometimes referred to as ‘‘uncertainty”, has been modeled and discussed in the lit-
erature to some extent. GESTA presents a statistical model incorporating all three variations coherently. The model is math-
ematically proven to be consistent with the underlying demand characteristics. It is a generalization of the classical
deterministic traffic assignment models and other statistical assignment models embedding only a particular type of vari-
ation. The probability distributions of traffic flows and travel times, the outputs of GESTA, can be used for reliability-
based network design (Yao et al., 2014) and robust routing (Wu and Nie, 2011). In addition, the covariance matrix of network
flows and travel times is central to spatio-temporal travel time estimation and prediction (Min and Wynter, 2011; Nantes
et al., 2016).

Another important feature of GESTA is the data-driven framework. The probability distributions and travel behavior mod-
els can be calibrated and validated using emerging field data collected years along. In the real world, we measure some ele-
ments of the flow vectors X; F on the daily basis. We can therefore use statistical inference and data mining models to
estimate the probability distribution of demands Q and identify the best / mapping to fit those data.

In addition to the traditional traffic counts data, data from various emerging sources can also be added to the GESTA
framework to tune the model, thanks to its clear multi-level variance structure. For instance, speed measurements on indi-
vidual links that are acquired from GPS years long can help build the probability distribution of travel costs (Ng et al., 2011;
Rahmani et al., 2015; Coifman et al., 2016; Qin et al., 2017) and hence estimate the variance of route choices and O-D
demands; On each day, the data we collect can be used to update the model following a general Bayesian Inference frame-
work; The sampled vehicular trajectory data from GPS, Bluetooth (Bhaskar and Chung, 2013) and automated vehicle iden-
tification (AVI) (Mei et al., 2015) technology can help select route choice model and tune other parameters. In this paper, we
define the assignment model /, discuss its features and properties, while leaving the estimation process as future research.

Existing literature has examined each of the three types of variations that lead to flow variation, namely O-D demands,
route choice and flow measurements. Each type of variation was modeled separately at different levels as shown in Fig. 2.
(a) One site on CA SR41 NB (b) One site on CA SR41 SB

Daily time-varying traffic counts. Blue curve is the daily average. Each grey curve represents one day in May 2015. (For interpretation of the
ces to colour in this figure legend, the reader is referred to the web version of this article.)

http://pems.dot.ca.gov/
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Fig. 2. Three types of variations contributing to day-to-day flow variations.
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However, there lacks of a generalized model that integrates all three variations and captures the dependency among those
three variations with consistent assumptions.

The classical traffic assignment models OD deterministically, which represents the average traffic demand for a typical
day. The need of reliability analysis calls for modeling OD demands by probabilistic distributions. Poisson distribution is
commonly adopted because it is suitable for modeling random arriving processes. Advantages and disadvantages of model-
ing traffic with different probabilistic distributions are discussed by Castillo et al. (2014). While univariate distributions like
Poisson distributions fail to capture the correlation between O-Ds, studies have been dedicated into modeling O-D demands
as a Multivariate Normal distribution (MVN) that captures O-D variance and covariance simultaneously. In fact, any multi-
variate distribution may be used to model O-D demands, and MVN usually provides a good approximation to an arbitrary
distribution, thanks to the Central Limit Theorem (CLT). In this study, we use MVN to model O-D demands as a general
manner.

Stochastic choice models have been incorporated into the traffic assignment models to determine route choices endoge-
nously (Hazelton, 1998;Wong, 1999). There are two ways to interpret the route choice probability. One is to regard the prob-
ability of an individual choosing a route as the proportion of choosing this route for the population. This indicates on each
day, a fixed proportion of travelers will choose each route. This essentially set the route flow deterministically by assuming
the route flow to be the mean of the route choices for all demands. The second way is to consider the route flow being the
aggregation of random choices of travelers and thus also random. Note that if the number of travelers is also stochastic, than
the route flow is doubly-stochastic (Nakayama and Watling, 2014). We refer the former way as ‘‘fixed portions with stochastic
route choice models” and the latter as ‘‘probabilistic distributions with stochastic route choice models” in Fig. 2. Clearly, the latter
model generalizes the former one and is practically more realistic.

Traditional Stochastic User Equilibrium (SUE) models use Random Utility Model (RUM) to capture travelers’ perception
error/variations. They determine the fixed portions of demand assigned to each route by aggregating the individual choices
over all demand, labeled by ‘‘fixed portions with stochastic route choice models” in this paper. In these series of models, trav-
elers’ perception of travel costs is assumed to follow a specific distribution, namely Gumbel distribution for logit-based SUE
(Fisk, 1980; Miyagi, 1986) and Gaussian distribution for probit-based SUE (Daganzo, 1982; Daganzo, 2014). In the logit-
based SUE model, the covariance among link costs is usually ignored to derive analytical probability choice formulas. How-
ever, this is inconsistent with the fact that path/link costs are highly correlated in the network. Several extensions of logit
models were also purposed to overcome the path overlapping problem (Vovsha and Bekhor, 1998; Cascetta et al., 1996),
while the ‘‘overlapping factors” are usually chosen in an ad-hoc manner. The probit-based SUE model can carry path costs
covariances (Daganzo and Sheffi, 1977), and the route choices are conditional on the joint distributions of all path flows.
Other probability distributions are also used to capture traveler’s perception error (Cantarella and Binetti, 2002;
Nakayama and Chikaraishi, 2015), but they can be hardly implemented in practice. Some studies directly model the percep-
tion error together with flow measurement error (Yai et al., 1997). In our study, we generalize all those route choice models
to a continuous mapping from random path/link costs to random path/link flows, where both individual perception variation
and individual random choices are considered.



60 W. Ma, Zhen (Sean) Qian / Transportation Research Part C 81 (2017) 57–82
Furthermore, there exists measurement error when observing link flows and travel time (Jacobson et al., 1990; Chen et al.,
2003). The observed travel time and counts may differ from the actual values, thanks to the sensor noise/bias. In the liter-
ature, the measurement error is usually neglected or encoded into route choice models, and it is viewed as part of the per-
ceived error. To analytically capture the sources of the flow variation, we explicitly model the sensor measurement errors in
separation from the perception error embedded in choice models. This type of error can be added directly to the probability
distributions of link flow and travel time.

We summarize recent studies regarding traffic assignment according to their settings of O-D demands, route choice mod-
els and measurement errors in Table 1, and compare themwith GESTA. We also review some special traffic assignment mod-
els, e.g., modeling complex measurement errors in Yai (1989), Yai et al. (1997) and non-parametric models that directly
model travel time or utilities (Mirchandani and Soroush, 1987; Connors and Sumalee, 2009; Ng et al., 2011; Ahipas�aoğlu
et al., 2015).

Motivated by the need of network reliability analysis, different methods are proposed to describe the statistical features
of network equilibria. Stochastic process is a natural way to model the evolution of the day-to-day network conditions (Davis
and Nihan, 1993; Hazelton, 2002; Watling and Hazelton, 2003; Watling and Cantarella, 2013a; Watling and Cantarella,
2013b). The stochastic process model is built on the adjustment mechanisms (Friesz, 1985) which describes how travelers
adjust their route choice from day-to-day learning. Of those day-to-day modeling, the equilibrium traffic conditions in the
long term are determined by searching for the stationary distributions of corresponding ergodic Markov Chains (Davis and
Nihan, 1993). Different from the Markov Chains assumption that travelers make today’s decisions based yesterday’s exact
Table 1
Summary of recent stochastic traffic assignment models.

OD
variance

OD
covariance

OD distribution Route choice
model

Route choice
proportions

Measurement
error

Note Reference

NC NC Deterministic Wardrop’s
equilibrium

Deterministic NC UE Dafermos and Sparrow (1969)
and Patriksson (1994)

NC NC Deterministic Logit Deterministic Consider
implicitly

Logit-SUE Fisk (1980), Miyagi (1986) and
Meng et al. (2008)

NC NC Deterministic Probit Deterministic Consider
implicitly

Probit-SUE Daganzo (1982) and Daganzo
(2014)

NC NC Deterministic General Stochastic NC GSUE Watling (2002a) and Watling
(2002b)

C NC Poisson
distribution

Pre-
determined

Deterministic NC Vardi (1996)

C NC Binomial, poisson,
beta-binomial,
negative binomial

General Deterministic Consider
implicitly

Nakayama and Watling (2014)
and Castillo et al. (2014)

C NC Binomial General Stochastic Consider
implicitly

Watling (2002c)

C NC Poisson General Stochastic NC Clark and Watling (2005)
C NC Gamma, negative

binomial
Logit Stochastic NC Nakayama and ichi Takayama

(2006) and Nakayama and
Takayama (2003)

C C MVN Pre-
determined

Deterministic Consider
explicitly

Maher (1983)

C C MVN Wardrop’s
equilibrium
on quantile

Deterministic NC DRSUE Shao et al. (2006)

C C MVN Logit models Deterministic Consider
implicitly

Nakayama (2016)

C C MVN Logit models
on quantile

Deterministic Consider
implicitly

RSUE Shao et al. (2006), Lam et al.
(2008), Shao et al. (2014) and
Shao et al. (2015)

C C MVN Logit models Deterministic Consider
implicitly

Bayesian network
based

Castillo et al. (2008)

C C MVN Wardrop’s
equilibrium

Deterministic Consider
implicitly

a-reliable mean-
excess model

Chen and Zhou (2010) and
Zhou and Chen (2008)

C C MVN General Stochastic Consider
explicitly

GESTA This paper

NC NC Deterministic Probit Deterministic Consider
explicitly

Structured
Perceived Error
for multinomial
choice

Yai (1989) and Yai et al. (1997)

Non-Parametric models,directly model
travel times

General Deterministic Consider
implicitly

Mirchandani and Soroush
(1987), Connors and Sumalee
(2009) and Ng et al. (2011)

NC: not considered; C: considered.
MVN: multivariate normal distribution.



W. Ma, Zhen (Sean) Qian / Transportation Research Part C 81 (2017) 57–82 61
traffic conditions (Davis and Nihan, 1993), our model assumes travelers’ choices are made based on the stabilized probability
distribution of network conditions in their entire past experience.

The most relevant studies to our formulation are Nakayama and Watling (2014), Nakayama (2016), Shao et al. (2006),
Lam et al. (2008), Watling (2002a) and Castillo et al. (2014). Nakayama and Watling (2014) builds a theoretical framework
for statistical traffic assignment where flow equilibrium in networks is defined upon stochastic travel costs. However, O-D
distributions are univariate therefore the correlation among O-Ds. cannot be captured. Watling (2002a) defines the driver
population-average of actual link costs Y and assume travelers make route choice based on Y. However it assumes the O-
D demand is fixed, which is ideal in real world applications. Shao et al. (2006, 2008, 2016) uses MVN to model O-D demand
distributions. However all those studies assume a deterministic portion of O-D demand taking each route, namely travelers’
route choices become deterministic. The stochasticity of individual route choices from day to day is not considered. This adds
significant complexity to generalize route choice variations, and to mathematically define a flow equilibrium that is consis-
tent with random demand and random route choices. Our model combines those studies together, upon which a generalized
formulation is developed to model three sources of variations. We show in this paper how GESTA can be reduced to those
existing models.

Though variance of link/path flow has been discussed in those papers, few insights have been gained regarding where the
variance of flow stems from and how to make statistical decision making knowing the variance. In this paper, we present a
very clear multi-level variance structure for the statistical traffic assignment. Flow variance is analytically decomposed into
three sources, O-D demands, route choices and measurement errors. This paper generalizes most of the models summarized
in Table 1. It characterizes the statistical features of O-D demand, link/path flows and travel costs. The GESTA model is self-
consistent in the sense that the embedded route choice model is consistent with the settings of atomic O-D demands con-
sidering link/path costs that vary from day to day. Last but not least, GESTA possesses the data-driven feature. Those distri-
butions and route choice models can be learned using traffic data collected from day to day, in order to make the optimal
decision for operations and planning. The details of parameter estimations will be addressed in a future paper, while this
paper proposes the theory, presents solution algorithms, and discusses its features and properties.

The major contributions of this paper are summarized as follows:

(1) It generalizes and extends most of previous work on the statistical traffic assignment models. This is summarized in
Table 1. It can be shown that GESTA reduces to models in the literature under certain conditions.

(2) It mathematically defines a statistical atomic network equilibrium (as opposed to non-atomic games, such as War-
drop’s UE and classical SUE) that is consistent with the settings of random O-D demands and random path/link flow
and costs. It also proves that non-atomic equilibrium fails to capture the route choice variation.

(3) The variance of path/link flow is analytically decomposed into three sources, O-D demands, route choice, and mea-
surement variations. We establish the theory of variance analysis for path/link flow.

(4) It builds a multi-level structure for traffic assignment that is friendly to data mining with large-scale data.
(5) GESTA is tested on a large-scale real network to gain insights from solutions, as well as the computational efficiency of

its solution algorithms. We also use numerical experiments to discuss the non-uniqueness of path flow distributions
in GESTA.

The remainder of this paper is organized as follows. Section 2 discusses the model details. Section 3 analyzes different
variance sources. Our formulation can be solved using a solution algorithm proposed in Section 4. In Section 5, two simple
illustrative examples are used to demonstrate concepts and results. GESTA is also applied to a real-world network to exam-
ine its computational efficiency and results. Finally, conclusions are drawn in Section 6.

2. The model

In this section, we will cast the GESTA into a rigorous mathematical formulation. We first present the overall notations
and assumptions, and discuss each component of the model.

2.1. Notations

Please refer to Table 2.

2.2. Assumptions

1. O-D demands follow a rounded multivariate normal (MVN) distribution. The demand of any one O-D pair can vary from
day to day. In addition, the demand of any two O-D pairs may be correlated. For instance, traffic analysis zones with sim-
ilar land-use types may generate more trips on the same busy day. This is consistent with recent studies (Zhao and
Kockelman, 2002; Duthie et al., 2011; Shao et al., 2014). Some studies use Possion distributions to model the demand



Table 2
List of notations.

Network variables
A The set of all links
N The number of links
Kq The set of all O-D pairs
Krs The set of all paths between O-D pair r � s
D Path/link incidence matrix
nrs The number of paths between O-D pair r � s
z The quantum of one single traveler. For the infinitesimal setting (namely non-atomic players), z ! 0

Random variables
Qrs The demand of O-D pair r � s
Q The vector of O-D demands
Xa Link flow on link a
X The vector of link flow
Xo The vector of link flow on observed links
Xm The vector of measured link flow
Fkrs Path flow on path k between O-D pair r � s
Frs The vector of path flow between O-D pair r � s
F The vector of path flow between all O-D pairs
C The vector of path costs between all O-D pairs
Ck
rs The travel costs on path k between O-D pair r � s

E The vector of link measurement error

Probability distribution parameters
q ¼ EðQÞ The vector of means of O-D demands
qrs ¼ EðQrsÞ The mean of O-D demand Qrs

Rq Covariance matrix of O-D demands
pkrs The probability of choosing path k in all paths between O-D pair r � s
prs The vector of route choice probabilities of all paths between O-D pair r � s
p O-D to path flow matrix, consisting of all pkrs
c ¼ EðCÞ The vector of means of path costs for all O-D pairs
Rc Covariance matrix of path costs vector
x ¼ EðXÞ The vector of means of link flow
xa ¼ EðXaÞ The mean of link flow Xa

Rx Covariance matrix of link flow
f ¼ EðFÞ The vector of means of path flow
f krs ¼ EðFkrsÞ The mean of path flow Fkrs
Rf Covariance matrix of path flow
e ¼ EðEÞ The vector of mean of link measurement error
Re Covariance matrix of measurement error

Conditional probability distribution parameters
rf jq Covariance matrix of path flow conditional on O-D demands Q
Rf jq Covariance matrix of path flow conditional on O-D demands Q ¼ q;Rf jq ¼ Rf jQ¼q
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(Hazelton, 2003; Hazelton, 2008), but the continuous MVN possesses many mathematical features that are easier to
derive than Possion. In addition, Possion distributions can be approximated by continuous MVN. The O-D demands follow
a rounded MVN with mean q and covariance matrix Rq.
Q ¼ bQ 0c; Q 0 � N ðq;RqÞ ð3Þ
where the random variable Q are generated from a standard continuous MVN Q 0 and then rounded to the nearest integer.
The difference between Q and Q 0 for each OD pair is at most 1. When the number of travelers is sufficiently large, the OD
rounding error is negligible (Nakayama, 2016). In this paper, the demand is represented by a rounded MVN, and numer-
ically approximated by the continuous MVN. Because the demand is always nonnegative, the MVN is truncated at zero.
When the O-D demands are sufficiently large, the effect of the truncation is negligible. The distribution of O-D can be
relaxed to any multivariate distribution (Ng et al., 2010), while for analytic interests MVN is a sensible choice (Castillo
et al., 2014).

2. Travelers are atomic players. This differs from the classical Wardrop UE and SUE. It will be shown later that the non-
atomic setting fails to capture travelers’ route choice variation. Solution discrepancies between the atomic and non-
atomic equilibrium will also be discussed.

3. Route choice is made under the stabilized probability distributions of stochastic network conditions over a sufficient long
(past) time period, similar to Nakayama and Watling (2014). Travelers make decisions only by the perception of the sta-
bilized traffic conditions, unlike the classical Wardrop UE or atomic Nash Equilibrium where each traveler is fully aware
of others’ choices. In addition, each traveler independently makes route choices on each day. The choice on each day for
the same traveler is also independent of other days. The stabilized probability distributions of network conditions, in turn,
results in stabilized probability of individual route choices.
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4. All travelers between the same O-D pair are homogeneous in route choices. They experience and perceive traffic condi-
tions from day to day, and eventually the network reaches a statistical equilibrium such that each traveler independently
makes identically distributed route choices on every day. This also differs from the classical Wardrop UE and SUE where
route choices are deterministic for all travelers. Based on our model settings, however, this assumption can be relaxed in
the future research to allow multiple classes of travelers possessing heterogeneity.

5. Measurement errors are link based and follow MVN.
E � Nðe;ReÞ ð4Þ
Assuming the probability distribution of measurement errors to follow MVN is widely adopted in models from different
fields (Kalman Filter, Generalized Least Square), and has received practical success. In addition, if sufficient data samples
are observed, the average of the measurement errors (or the total measurement error over a time interval) will follow
MVN due to the Center Limit Theorem (CLT).

2.3. Statistical equilibrium

The relationship among random variables, O-D demands, path/link flows and path/link costs, is depicted as follows. O-D
demands Q is generated from a known exogenous multivariate normal distribution. On each day, there is a realization of the
demand Q, which represents the number of travelers. These travelers independently make random route choices according
to the route choice probabilities. The route choice probabilities are determined by the probability distribution of the path
cost C incurred over a sufficiently long time period in the past. The random choices are made independently on each day
by each traveler. The probability distribution of path flow F is therefore determined by the route choice probabilities and
Q. Link flow and path flow follow,
X ¼ DF ð5Þ
where D 2 R
A�
P

rs2Kq
jKrs j is the path/link incidence matrix. The ði; jÞ entry of D is 1 if link i is on the path j and 0 if otherwise.

Path costs C (a random variable) are formulated as a deterministic performance function of link flow X (a random variable),
so the probability distributions of path costs are related to the probability distribution of X. Here the performance functions
are generic to allow nonadditivity of link costs and cross-link interactions. Note in our definition the route choice probabil-
ities are determined by the equilibrated distribution of path costs, instead of the path costs of a single day. Mahmassani et al.
(2014) describes a Monte-Carol approach to evaluate the traffic equilibrium by simulating demand and supply parameters
from given distributions, and aggregate the outputs to estimate the flow/travel time distribution. This simulation approach is
different from our definition in the sense that the route choice probability in Mahmassani et al. (2014) is based on route cost
of one day (one simulation), while our model defines the route choice probabilities based on the distribution of equilibrated
route costs.

From day to day, the recurrent traffic of the roadway system reaches a statistical equilibrium among Q ;C; F;X such that,
provided with exogenous demand Q (a random variable vector), C; F;X follow stabilized probability distributions that can be
represented by a stabilized route choice probabilities p.

Definition 1. A transportation network is under a statistical equilibrium, if all travelers practise the following behavior: on
each day, each traveler from origin r to destination s independently chooses route kwith a deterministic probability pkrs. For a
sufficient number of days, this choice behavior leads to a stabilized distribution of travel costs with parameters #. This
stabilized distribution, in turn, results in the deterministic probabilities p ¼ wð#Þ where wð�Þ is a general route choice
function. Mathematically, we say the network is under statistical equilibrium when the random variables ðQ ; F;X;CÞ is
consistent with the formulation (19), (22) and (7).

The definition shares similarities with the non-atomic model (Shao et al., 2006; Lam et al., 2008) and the atomic model
(Nakayama andWatling, 2014). It indicates that the traffic flow/costs on each day are random and not equilibrated. However,
the probability distributions of traffic conditions over a course of a number of days (such as months or years) are under equi-
librium. This is the main difference compared to SUE defined in Daganzo and Sheffi (1977).

Essentially, we express the probability distributions of X; F;C all by the deterministic vector p, and construct a fixed point
problem regarding p. Provided with the probability distribution of Q, the probability distribution of F can be expressed by p
and Q, and so can probability distributions of X and C ¼ tðXÞ. On the other hand, the probability distribution of C is exactly
such that it determines the values of choice probabilities p, and this p is precisely the p under stabilized conditions (namely
equilibrium).

To further clarify this definition, consider a road network where travelers commute from day to day. By Assumption 3 and
Definition 1, travelers learn their route choice probabilities (rather than route choices) based on the historic probability dis-
tributions of link/path costs C. After sufficiently long time, their route choice probabilities become stabilized, meanwhile the
probability distribution of link costs C becomes stabilized too. The entire network reaches a statistical equilibrium. This pro-
cess can address the inconsistency raised in Hazelton (1998) under the atomic player (By referring ‘‘atomic” we consider the
travelers with finite size rather than infinitesimal small size) setting: if there is only one traveler on the network, then the
probability that he/she chooses a route depends on whether or not he/she chooses that route. This happens when a traveler
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is fully aware of other travelers’ choices, and his/her own contribution to the system, assumed in the classical atomic Nash
Equilibrium or non-atomic Wardrop Equilibrium. However, by Definition 1, any traveler randomly chooses a route according
to a probability on the daily basis, by his/her perception of the historic probability distribution of link costs C. The link/path
costs distribution is a result of his/her day-to-day random choices. Even though there is only one traveler in the network
(which he/she does not know the non-existence of other travelers), he chooses different routes from day to day by proba-
bilities. Next we discuss the statistical equilibrium in full details.

2.3.1. Individual route choice probability
For a generalized route choice formulation, we define
p ¼ wð#Þ ð6Þ

where w is continuous, # is the parameters of the probability distribution of C. If we use RUM as the route choice model, then
the route choice probability becomes
pk
rs ¼ Pr Ck

rs 6 min
i–k

Ci
rs

� �
ð7Þ
Each traveler perceives his/her stochastic costs on all possible paths between O-D pair r � s, and the probability of choos-
ing path k equals the probability of path costs outperforming costs of other paths.

If C follows an MVN (which we will show later using a reasonable approximation), then the probability further reads,
pk
rs ’ U

EðCk
rsÞ � EðC�k

rs Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðCk

rsÞ þ VarðC�k
rs Þ � 2CovðCk

rs;C
�k
rs Þ

q
264

375 ð8Þ
where C�k
rs ¼ mini–kC

i
rs and Uð�Þ is the standard cumulative normal distribution function. C�k

rs can be derived by using Clark’s
approximation method (Clark, 1961). Detailed procedures can be found in (A). Daganzo et al. (1977) compared Clark’s
method with simulation results and showed that Clark’s method is efficient and accurate.

In practice, travelers are typically creatures of habit. The generalized route choice formulation can also be adapted to cope

with the inertia to change. Define an inertia function i ¼ Ið#;HÞ, where H is the parameters for capturing travelers’ habit. ikrs
quantifies the deterministic inertia for path k on the O-D r � s A route choice formulation considering inertia becomes,
pk
rs ¼ Pr Ck

rs þ ikrs 6 min
t–k

Ct
rs þ itrs

� �� �
ð9Þ
2.3.2. Path flow
Each traveler independently makes identically distributed route choices on every day. For any O-D pair r � s, the proba-

bility vector of choosing all paths Krs is prs. Clearly, conditional on the demand Qrs, the path flow Frs follows a multinomial
distribution,
FrsjQrs � MNðQrs;prsÞ ð10Þ

where MN represents the multinomial distribution. If we write the expected value in the vector of all O-D pairs, then
EðFjQÞ ¼ diagðpÞBQ ¼ ~pQ ð11Þ
where ~p¼: diagðpÞB and B is a transition matrix (~1n denotes a column vector of n ones) (Watling, 2002a). The covariance matrix
of the path flow between O-D pair r � s conditional on Qrs can be represented by
CovðFrsjQrsÞ ¼ Qrs

p1
rsð1� p1

rsÞ �p1
rsp

2
rs � � � �p1

rsp
nrs
rs

�p2
rsp

1
rs p2

rsð1� p2
rsÞ � � � �p2

rsp
nrs
rs

..

. ..
. . .

. ..
.

�pnrs
rs p

1
rs �pnrs

rs p
2
rs � � � pnrs

rs ð1� pnrs
rs Þ

0BBBBB@

1CCCCCA ð12Þ
Due to the independence of route choices between any two O-D pairs, we can consolidate all O-D pairs together to obtain
the covariance matrix of all path flows by,
Rf jQ ¼

CovðF1jQÞ 0 � � � 0
0 CovðF2jQÞ � � � 0

..

. ..
. . .

. ..
.

0 0 � � � CovðF jKq jjQÞ

0BBBB@
1CCCCA ð13Þ
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Proposition 1. Conditional on the demand Q, path flow F follows a multinomial distribution,
FjQ � MNð~pQ ;Rf jQ Þ ð14Þ
2.3.3. Link flow
Link flow is a linear transformation from the path flow by Eq. (5). We can therefore derive its mean and variance.
EðXjQÞ ¼ DEðFjQÞ ¼ D~pQ ð15Þ

CovðXjQÞ ¼ DRf jQD
T ð16Þ
Since measurement errors of link flow are assumed to be independent to link flows, modeled by a MVN, the measured link
flow reads,
Xm ¼ DF þ �e ð17Þ
�e � Nðe;ReÞ ð18Þ
In reality, we cannot afford to observe flow of all the links. Suppose Xo covers a subset of all links. In this case, we can
truncate D to retain those columns corresponding to those observed links, namely Do. Without loss of generality, this paper
uses D instead of Do to demonstrate the features of our model.

2.3.4. Path costs
Define the path costs function tð�Þ that maps the link flow to path costs, where
C ¼ tðXÞ ð19Þ

Note that here the path costs function is generic. It can take into account link interactions or nonadditivity of link costs.

When tð�Þ is smooth, then by Taylor’s Expansion, it can be approximated by summing several orders of moments. For

instance, tðXÞ ¼Pk
i¼1ritðXÞXi þ o ðx� XÞk

� �
. If Xi can be derived analytically, we can approximate C using its Taylor’s Expan-

sion regardless of any distribution C actually follows.
Isserlis (1918) provides a method to compute any powers of a MVN. If we use second-order approximation for the path

costs, the distribution of C can be represented by a MVN,
C � Nðc;RcÞ ð20Þ

Then the route choice probabilities p can be determined by Eq. (8). If higher ordered approximations are involved, then

there will be no closed form representation for the probability distribution of C. However, the route choice probabilities p can
still be determined by Eq. (7) numerically. We demonstrate how the distribution can be calculated using the BPR function as
an example of the path cost function in (B).

2.3.5. A multi-level structure
To assemble all the above components in the model, Formulation (21) presents a statistical multilevel model for GESTA.

Level i is conditional on level iþ 1 in the model (i ¼ 1;2) and each level reflects one single source of the link flow variation.
For example, Level 1 reflects how measurement error affects the measured link flows, and Level 2 reflects the route choice
variation. As a result of the model, we can easily apply dimension reduction, sparse regularization, model selection tech-
niques at each level. Thus, the entire formulation is friendly to a variety of data sources and generic large-scale networks.
Level 1 :Xm ¼ X þ �e ðMeasurement variationÞ
�e � Nðe;ReÞ

Level 2 :X ¼ DF

F � MNð~pQ ;Rf Þ ðRoute choice variationÞ
Level 3 :Q � Nðq;RqÞ ðDemand variationÞ

ð21Þ
2.3.6. Approximation and marginalization
Bayesian network (Jensen, 1996) is a good tool to model the statistical traffic assignment process (Formulation (21)) as

discussed by Castillo et al. (2008). As an alternative, we can use Monte Carlo methods (Gilks and Wild, 1992; Hajivassiliou
et al., 1996) to simulate the assignment process. However, both methods are neither computationally efficient nor analyti-
cally interesting. To gain analytical insights, we approximate and marginalize all the random variables by MVN to gain ana-
lytical properties of these random variables in GESTA. The error bound and convergence conditions for the normal
approximation are also provided.

Thus GESTA can be overall represented by the following relationship,
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Q � Nðq;RqÞ
FjQ � Nð~pQ ;Rf jQ Þ

XmjQ � NðD~pQ ;DRf jQD
T þ ReÞ

ð22Þ
Note that p is determined by the path costs distribution in Eq. (7). We now compute the marginal distribution of X and F
to compute the path costs.

Proposition 2. The marginal distribution of F follows,
F � Nðf ;Rf Þ

where f ¼ ~pq;Rf ¼ Rf jq þ ~pRq~pT .
Proof.
EðFÞ ¼EðEðFjQÞÞ ¼ ~pq

CovðFÞ ¼EðCovðFjQÞÞ þ CovðEðFjQÞÞ
¼Rf jq þ ~pRq~pT
where Rf jq is the abbreviation of Rf jQ¼q
Proposition 3. The marginal distribution of X and Xm follow,
X � Nðx;RxÞ

Xm � Nðxþ e;Rx þ ReÞ

where x ¼ Df ;Rx ¼ DRfD

T .
The normal approximation to the multinomial distribution can bring error to the marginal distribution of the random

variable F. However, the error can be bounded by the following Proposition.

Proposition 4. For any O-D pair r � s, denote Va
rs the sum of any linear combination of normally approximated path flow Fkrs in O-

D pair rs due to Eq. (22), and Vr
rs the sum of the same linear combination of path flow Fkrs in O-D pair rs due to Eq. (21). If

minkpkrs P
1

e0jKrs j for small number e0, the following inequality holds:
Va
rs � Vr

rs

Vr
rs

���� ���� 6 e
jKrsj3
qrs

 !1
4

ð23Þ
where e is a constant.
Proof 2. See Appendix C.
Clearly, the normal approximation converges to the actual multinomial distribution when the demand is sufficiently

large.

Proposition 5. For any O-D pair rs, if qrs ! 1, then
Va
rs ! Vr

rs ð24Þ
2.4. Existence and consistence of solutions

We can write the right hand side of Eq. (7) in a vector formWðpÞ where each element corresponds to a path k on O-D pair
r � s, and
Wk
rsðpÞ ¼ Pr Ck

rs 6 min
i–k

Ci
rs

� �

Then GESTA can be formulated as a fix point problem:
WðpÞ ¼ p ð25Þ
Proposition 6. If the path cost function tð�Þ is continuous, then a solution to the fixed point Problem (25) exists.
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Proof 3. Denote the feasible set of p as X ¼ fpk
rsj0 6 pk

rs 6 1;
P

k2Krs
pk
rs ¼ 1g. X is a nonempty, convex and compact set.

Because both the path costs function and the probability distribution functions of F and X are continuous, the probability
distribution function of path costs C is also continuous. Therefore WðpÞ is continuous on X. Also WðpÞ 2 X, then by the fixed
point theorem (Gasinski and Papageorgiou, 2006), at least one solution of the fixed point problem exists.

Remark: this result is based on the approximated formulation (22), and later we will show the solution may not be
unique. A solution to the discretized formulation (21) may not necessarily exist.
Proposition 7. If a solution to the fixed point Problem (25) exists, then any solution ðx;Rx; f ;Rf ; p; c;RcÞ (might not be unique) is
consistent with the formulation (19), (22) and (7).
Proof 4. When the fixed point exists, the consistency among route choice, demands and path flow is guaranteed by Eq. (10);
the consistency between path flow and link flow is attained by Eq. (5), and finally the consistency between link flow and
link/path travel costs probability distribution is attained by Eq. (19). Later we show that we can approximate all the random
variables by MVN.
2.5. Comparison with non-atomic equilibria

Though the non-atomic equilibrium defined by most of the classic network equilibrium models demonstrates the conve-
nience on modeling continuous network variables, it fails to capture the route choice variance by the following proposition.

Proposition 8. If the quantum of each traveler is infinitesimal, conditional on the demand Q, the variance of the conditional path
flow FjQ is zero.
Proof 5. Denote the quantum of a single traveler to be z, then
F
z
jQ � MNð~pQ=z;Rf jQ=zÞ ð26Þ
let z ! 0, by the results inWeiss (1976),Weiss (1978), if paths in Krs are chosen such that the corresponding pk
rs > nwhere n is

any small number, then F
z jQ converges in distribution to the MVN, where the mean is the multinomial mean, and covariance

matrix is the multinomial covariance matrix. Therefore,
F
z
jQ � Nð~pQ=z;Rf jQ=zÞ ð27Þ
Then the distribution of FjQ is, by the continuous mapping theorem,
FjQ � Nð~pQ ;~0Þ ð28Þ

In the non-atomic setting, pk

rs ¼ Fkrs
Qrs

always holds, which means a fixed portion of travelers will choose route k everyday.

While in the atomic setting, Fkrs
Qrs

is a random variable which follows the multinomial distribution. As we discussed in Section 1,

the atomic setting is more general and realistic due to its capacity of capturing day-to-day route choice variation.

By similar arguments as in Appendix C, when Qrs ! 1; F
k
rs

Qrs
! pk

rs in the atomic setting, for any OD pair rs, the ratio of path

flow Fk
rs in the total demand Qrs under the two settings agree when Qrs is large enough, but the variance Rf jQ in the atomic

setting, increasing with the demand Q, differs substantially from zero. Since the quantity of Rf jQ increase with Qrs, the dis-
crepancy of the path flow between two settings are even larger when Qrs ! 1.

2.6. Reduction

To show that GESTA is a generalization of most of previous models in the literature, we reduce our model to some rep-
resentatives models in Table 1. If O-D demands are deterministic, then we can set Rq to be zero; and if they are independent,
we can only keep the diagonal elements of Rq. For a route choice model, if it is deterministic, then we can set Rf jq to zero.
Since we are using a general mapping to represent the route choice model, any route choice model can be a special form
under GESTA.

(1) UE, logit-SUE, probit-SUE
Set Rq ,Rf jq and Re to zero. Then our model becomes
X � NðD~pq;~0Þ ð29Þ
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Therefore the link flow by this model is no longer a probability distribution, but deterministic real values.

(2) Deterministic O-D and probabilistic route choice models

O-D demands are deterministic, which implies Rq ¼ 0. Also it does not consider the measurement error, thus Re ¼ ~0,
then
X � NðD~pq;DRf jqD
TÞ ð30Þ

which is the same as Eq. (4.4) in Watling (2002a).

(3) Stochastic O-D and fixed portions in stochastic route choice models

In RSUE models, O-D demands are assumed to follow MVN. The route choice is deterministic and measurement error
is not explicitly modeled. Then
X � NðD~pq;D~pRq~pTDTÞ ð31Þ
which is the same as Eq. (32) in Shao et al. (2006); Eqs. (21) and (22) in Lam et al. (2008), Eq. (23) in Shao et al. (2014)
and Eq. (9) in Nakayama (2016).
If the O-D demands follow binomial distributions, we set the latent demands v rs and binomial parameter p, which
shares the same setting as in Nakayama and Watling (2014) and Watling (2002c). Then by our formulation

f krs ¼pk
rsqrs ¼ pk

rspv rs ð32Þ
VarðFk

rsÞ ¼pk
rsVarðQrsÞpk

rs ð33Þ
¼pk

rs
2v rspð1� pÞ ð34Þ

The resultant flow is slightly different from the analytical solution from Nakayama and Watling (2014), due to the
MVN approximation in GESTA. One intuitive reason is that we omit the reproducible property of binomial distribution
(Castillo et al., 2014).
(4) Stochastic O-D and probabilistic route choice models
We assume that O-D demands follow Gamma distribution qrs � Cðars; brsÞ and the route choice model is stochastic, the
same setting as in Nakayama and ichi Takayama (2006). Then by our formulation
f krs ¼pk
rsqrs ¼ arsbrsp

k
rs ð35Þ

VarðFk
rsÞ ¼pk

rsarsb
2
rsp

k
rs þ arsbrsp

k
rsð1� pk

rsÞ ð36Þ
¼arsbrsp

k
rsð1� pk

rs þ brsp
k
rsÞ ð37Þ

When the route choice probability pk
rs is small, the multinomial distribution can be simulated by a Poisson distribution.

In addition, pk
rs is relatively smaller compared to 1 and brspk

rs. Therefore, we have VarðFk
rsÞ � arsbrspk

rsð1þ brspk
rsÞ, which is

the same as Eq. 11 in Nakayama and ichi Takayama (2006).
3. Variance analysis

In this section we analyze the variance of all random variables in GESTA. We examine the variance sources by a decom-
position of link variance/covariance.We also discuss the Confidence Intervals (CI) of estimated link flows.

3.1. Variance decomposition

We decompose the link flow variance by the variance sources.

Proposition 9 (Link flow variance decomposition). The variance of observed link flow can be decomposed into three parts,
O-D variance, route choice variance, and measurement error.
Xm ¼xm þ gþ sþ ee ð38Þ
g �Nð0;D~pRq~pTDTÞ ð39Þ
s �Nð0;DRf jqD

TÞ ð40Þ
ee �Nð0;ReÞ ð41Þ
We could also decompose the variance of path flow F in a similar fashion. However, we generally do not observe path flow
and link flow is more commonly used for analyzing traffic flow in practice.
Definition 2 (Variance ratio). A three dimensional vector r¼: ½rOD; rChoice; rMeasure� is defined as the variance ratio vector if it
satisfies,
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rOD þ rChoice þ rMeasure ¼1 ð42Þ
r P0 ð43Þ
There are many ways to define a variance ratio vector. This paper determines the vector based on variance/covariance
matrix traces, which are widely considered to be precise and robust. Trace-based variance ratio is closely related to spectral
analysis of recurrent link/path flow data.
Definition 3 (Trace-based variance ratio). Define T ¼ trðD~pRq~pTD
TÞ þ trðDRf jqD

TÞ þ trðReÞ
rOD ¼ trðD~pRq~pTDTÞ
T

ð44Þ

rChoice ¼
trðDRf jqD

TÞ
T

ð45Þ

rMeasure ¼ trðReÞ
T

ð46Þ

Through variance decomposition, the variance ratios essentially quantify how much of the link flow variance comes from

each source. This insight can support reliability analysis and traffic management.
3.2. Confidence interval (CI)

Since random variables are correlated, their confidence interval (CI) is an ellipsoid in a high dimensional space. If the cor-
relation is ignored, then we can derive a rectangle as a CI. This rectangle approximation approach is always a tighter esti-
mation of the actual CI (Šidák, 1967).

Given link flow mean x and covariance Rx, construct
ðX � xÞTR�1
x ðX � xÞ � X2

qð0Þ ð47Þ
where X2
qð0Þ is the standard chi-square distribution, q ¼ jKaj. In fact, we can examine whether a newly observed link flow

data is consistent with the our built traffic model by comparing the data to the CI.

4. Solution algorithms

We present an alternating solution algorithm for solving our model. Generally GESTA can be solved by Monte Carlo sim-
ulations on any continuously distributed random variables. Since all random variables in GESTA are marginalized as dis-
cussed in Section 2.3.6, analytical formulas of those variables will be utilized to find the solution ðp; f ;Rf ; x;Rx; c;RcÞ.

GESTA is path based. Unfortunately the path size increases exponentially when the network grows. For small networks,
path enumeration is possible. We can enumerate paths first and then search for the optimal solution in the full path set. If the
networks are large, we simply enumerate K shortest paths (Yen, 1971; Eppstein, 1998) for each O-D pair and then search for
the solution in the prescribed path set. In addition, we can fit GESTA in a column generation framework (Watling et al., 2015;
Rasmussen et al., 2015). The solution algorithm not only searches for the path, but also derives the distribution of path flow
meanwhile.

An alternating optimization method is used to solve the route choice p and ðc;RcÞ iteratively. The Method of Successive
Averages (MSA) (Sheffi and Powell, 1982) can guarantee the convergence, but not necessarily a true solution due to the exis-
tence of local minimum. Another strategy is to alternate updating p and ðc;RcÞ until convergence or reaching the maximal
number of iterations, whichever comes first. However, this strategy does not guarantee the convergence.

If WðpÞ in the fixed point Problem (25) is continuously differentiable, and it has a unique p� solution (as well as path/link
flow and costs) in domain X, then MSA can lead to achieve the unique solution p� (Sheffi, 1985). However, if solutions are not
unique, then MSA may not get to the solution as the descent of jjWðpÞ � pjj2 can be trapped in a local minimum. We will dis-
cuss the non-uniqueness in the numerical experiments.

The alternating solution algorithm is as follows,

Algorithm
Step 0
 Initialization. Iteration m ¼ 1, generate a path set for each O-D pair. Perform any deterministic traffic
assignment for all O-D pairs, then load the network.
Step 1
 Path cost update. Use the methods presented in Section 2.3.4 to compute ðc;RcÞ using ðx;RxÞ.

Step 2
 Re-assignment. Use the methods presented in Section 2.3.1 to re-calculate the route choice probabilities p.
Step 3 Network loading. Perform the network loading according to the current assignment p to obtain flow x;R ; f ;R .
x f
(continued on next page)
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Step 4
 Updating. Update the route choice probabilities p using MSA.
Step 5
 Convergence check. Check the difference of link flow ðx;RxÞ, if the convergence criterion is met, go to Step 5; if
not, m ¼ mþ 1, go to Step 1.
Step 6
 Output. Output ðx;Rx; f ;Rf ; p; c;RcÞ.
The convergence criterion can be chosen based on flow or route choice probabilities. Typically we choose to monitor x as
iterations progress. We may also check the convergence of a vector ðx;Rx; f ;Rf ; p; c;RcÞ. However, this convergence criterion
will be fairly restrictive.

As for the computational complexity, we assume the path size of each O-D pair is j and the tolerance error is �. For each
O-D pair in one iteration, obtaining the maximum of random variables is Oðj2Þ and obtaining the distribution of link costs is
OðN2Þ. Network loading and computation of route choice probabilities cost less and can be neglected. Therefore, in one iter-
ation, the computational complexity is OðjKqjj2 þ N2Þ. For the whole method, since the change of the network condition is
bounded by the network size, if we use x as the convergence criterion, then in total OðN�Þ iterations are needed. Overall, the

computational complexity is O NðjKq jj2þN2Þ
�

� �
to achieve the accuracy of �.

5. Numerical experiments

We solve GESTA in a small network, discuss its results, and compare it with traditional UE/SUE models. GESTA is also
solved in a second small network where the path flow is not unique under the standard UE setting. The non-uniqueness
of GESTA solutions is explored. Finally, GESTA is solved in a real world network to examine its efficiency.

5.1. A small network

We use a simple network with four links, three paths and a single O-D pair to examine the results, see Fig. 3. The Bureau of
Public Roads (BPR) link travel time function is adopted,
taðXaÞ ¼ t0a 1þ a
Xa

capa

� 	b
" #

ð48Þ
where ta0 is the free-flow travel time on link a 2 A; b ¼ 4;a ¼ 0:15 are constant parameters. capa denotes the capacity of link a.
In this example, the parameters in the BPR function are set as t01 ¼ 20; t02 ¼ t03 ¼ 10 and t04 ¼ 8; capa ¼ 360;8a 2 A; q ¼ 1000.
The standard deviation of the O-D demand and the measurement error is set to r2

OD ¼ 10000 and r2
e ¼ 100, respectively. Pro-

bit model is used as the choice model.
Under the standard UE settings with BPR functions, link flows are always unique. In this small network, path flows are

unique as well because the path/link incidence matrix has the full rank 3. We will check if GESTA yields a unique solution
in addition to its statistical features.

5.1.1. Assignment results
The solution to the GESTA is as follows (link flows are sorted by link ID numbers, and path flows/costs are sorted by link 1,

link 2 to link 3, and link 2 to link 4),
x ¼

455:6
544:4
161:4
383:0

0BBB@
1CCCA Rx ¼

2424 2232 661 1571
2236 3312 951 2260
661 951 496 556
1571 2260 556 1804

0BBB@
1CCCAðincludingreÞ ð49Þ
1 32Link 2

Link 3

Link 4

Link 1

Fig. 3. A three-path small network.
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f ¼
455:6
161:4
383:0

0B@
1CA Rf ¼

2324 661 1571
661 396 556
1571 556 1704

0B@
1CA ð50Þ

p ¼
0:4556
0:1614
0:3830

0B@
1CA ð51Þ

c ¼
28:00
28:43
28:25

0B@
1CA Rc ¼

17:44 14:72 11:56
14:72 12:48 9:74
11:56 9:74 12:50

0B@
1CA ð52Þ
The marginal distributions of the flow on each link are shown in Fig. 4a. Fig. 4b is a Hinton diagram to visualize the covari-
ance matrix of the link flow vector.

Link free-flow travel times are set such that the path from link 2 to 4 is the most preferable without any traffic. However,
since link 2 is a critical link utilized by two paths, it may be jammedmore than link 1. Therefore, the shortest path from link 2
to 4 is not the path carrying the most flow under standard UE. The GESTA solution conveys this intuition. Link 2 has the high-
est link flow 544.4 in expectation with standard deviation 57.5. However, the path of link 1 carries the highest expected path
flow 455.6. Link 3 has the least expected flow as well as the least variance. Unlike standard UE or SUE, flow on all links/paths
is continuously distributed in GESTA, which allows decision making considering uncertainties of recurrent flow.

The covariance matrix of link flow indicates that the covariance between the flow on link 3 and other links is the least of
all, due to the least link flow on link 3. The flow covariance between links 3 and 4 (or 1) is less than the link covariance
between links 3 and 2. This is expected. Links 3 and 2 are on the same path and flow on link 3 is more related to link 2 than
to links 1 and 4. Likewise, link 4 is more related to link 2 than to other links since it is a direct downstream link of link 2.

Fig. 5 shows the probability density and probability contour of X1;X2 and X3;X4. The probability distribution and prob-
ability contour of link costs C1;C2 and C3;C4 are shown in Fig. 6. A non-linear link performance functions are applied to those
link flows. The contours can also be interpreted as confidence intervals under different confidence levels. As we discussed
above, the CI is oval and thus it has no closed forms. A typical way to decide whether a sample is within the CI is to conduct
a hypothesis test.

5.1.2. Convergence and uniqueness
Based on Eq. (25), we define
jðpÞ ¼ kWðpÞ � pk2 ð53Þ

p is a 2 dimensional vector because p3 can be represented by 1� p1 � p2. We use Brute Force Search (BFS) to search the

whole feasible domain of p and then derive the contour plot of the value of jðpÞ. The route choice probabilities in the first 10
iterations updated by MSA are shown in Fig. 7. The MSA updating process will finally achieve the equilibrium point, the only
solution to GESTA.
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(a) Link flow distribution (b) Hinton Diagram for Link Flow Correlation

Fig. 4. Basic network conditions.



Fig. 5. Distribution of X1X2 and X3X4.
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5.1.3. Comparison with classical assignment models
UE can be viewed as a special case of GESTA. The major drawback of standard UE is that its link/path flow is biased, and it

cannot handle the flow variation. In this case, the UE-based link flows are within two standard deviations from the mean
computed by GESTA.

For Logit-based SUE, we compute solutions under two different H ¼ 0:1; 0:01 in Table 3. A small H indicates large link
flow variances. Different H lead to the considerably distinct link flow.

5.1.4. Decomposed variance
To investigate the variance compositions of the link flows, we randomly draw 5000 samples of the link flow, see Fig. 8.

Yellow lines represent the variance induced by O-D demands, green lines represent the variance induced by route choices,
and red lines represent the variance induced by measurement error. We fix the measurement variance re ¼ 10 and increase
the O-D demands variance rOD ¼ f10;50;100;200g. If we use the variance ratio defined in Definition 3, the ratio change
against the O-D standard deviation is shown in Fig. 9. As rOD increases, O-D induced variance increases, and both choice vari-
ance and measurement variance drop. O-D induced variance is fairly small at 4% when rOD ¼ 10, and it increases to a signif-
icant level 55% when rOD ¼ 50. When the O-D standard deviation is greater than 100, it almost dominates the whole link
flow variance leaving the measurement error and route choice variance negligible, less than 10%. In this example, standard
deviation of 15% of the demand mean would lead to 90% of link flow variance induced by O-D demands.

5.1.5. Route choice probability
The change in route choice probabilities against rOD is shown in Fig. 10a. One important observation is that routes sharing

the same link are substitutional to each other for day-to-day varying demands. When the path flow from link 2 to link 4
increases, the path flow from link 2 to link 3 drops as both paths share the same upstream link. When the O-D variance
is large, the link cost variance of both links 3 and 4 increases such that link 4, faster in free-flow though, becomes less pre-



Fig. 6. Distribution of C1;C2 and C3;C4.
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ferred. Therefore, the path link 2 to link 3 carries more travelers as the O-D demand becomes more uncertain. As the O-D
variance goes up, eventually links 3 and 4 would carry similar flow since their mean discrepancy is offset by their high uncer-
tainty. On the other hand, the flow on the parallel link 1 stays almost the same, only a minor increase as the O-D demands
variance increases. We also plot the link flow changes against rODin Fig. 10b. When rOD increases, the flows from the origin



Table 3
Results from different assignment models.

Links GESTA Logit-SUE, H ¼ 0:1 Logit-SUE, H ¼ 0:01 UE

Link 1 Nð455:6;49:22Þ 422:3 360:1 410:4
Link 2 Nð544:4;57:52Þ 577:7 639:9 589:6
Link 3 Nð161:4;22:32Þ 263:8 316:5 132:6
Link 4 Nð383:0;42:52Þ 313:9 323:4 457:0

Fig. 8. Cause of variance in 5000 draw.
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going to link 1 or link 2 hardly change, implying that link 2 and link 1 retain the identical market share regardless of O-D
demand changes.

5.2. A second small network

We use a second simple network with four links and a single O-D pair to examine the solution non-uniqueness. The net-
work is shown in Fig. 11. The BPR functions are set to b ¼ 4;a ¼ 0:15. t02 ¼ t03 ¼ t04 ¼ 11:1 and
t01 ¼ 8:9; capa ¼ 360;8a 2 A; q ¼ 1000. Link 1 is a little shorter than other links, and therefore one would expect link 1 attracts
more flow than other links. The standard deviation of the O-D demand and the measurement error is set to r2

OD ¼ 2500 and
r2

e ¼ 100, respectively. Still, Probit model is used as the choice model.
We use BFS to search the entire feasible domain of ðp1; p2; p3Þ and plot the values. p1 represents the route choice proba-

bility from Link 1 to Link 3, and p2 for Link 2 to Link 3, p3 for Link 1 to Link 4. Fig. 12a shows jðpÞ on the surface of the feasible
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domain, and Fig. 12 provides a 3-D view of the jðpÞ values in a 0:1� 0:1� 0:1 cubic. Clearly, there are multiple solutions of
route choice probabilities and path flows to the fixed point problem. Those path flow solutions, however, yield the unique
link flow solutions, analogous to the deterministic UE solutions. Meanwhile, the flow updating process by MSA does not nec-
essarily yield one of those solutions. It is preferable to develop the sensitivity analysis of GESTA with respect to flow and cost,
in order to solve for the fixed point problem. We leave this for the future research.

In addition, we plot changes in route choice probability and link flow mean against rOD in Fig. 13. The route choice prob-
abilities vary considerably as the demand variance changes, whereas the link flows change is mild and smooth when increas-
ing rOD. This result indicates that even path flows are sensitive and non-unique in this case, link flows are likely to remain
stable and unique, a similar property under the classical UE settings.

During the solving process, we can search for one possible path flow following Tobin and Friesz (1988), which searches for
one extreme point of the polyhedron of the feasible path space as the preferred path flow. Practically this can be done
through the column generation technique.



Fig. 12. Brute force search on feasible domain of ðp1; p2;p3Þ.

Fig. 13. Change in flow against rOD
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5.3. A real-world network

We now apply GESTA to a real-world network to demonstrate its computational efficiency. The SR-41 corridor network is
located in the City of Fresno, California. This network consists of one major freeway and two parallel arterial roads connected
with local streets. It contains 2413 links and 7110 OD pairs. Researchers have made efforts on calibrating its O-D demands
(Liu et al., 2006; Zhang et al., 2008), which we adopt in this study as the demandmean. We assume the O-D demand variance
is 20% of its mean and Probit model to be the choice model.

We set the convergence tolerance error to be � ¼ e�1 on path flow, and run the solution algorithm developed under
MATLAB 2014a on a desktop computer (Inter(R) Core i5-4460 3.2GHz � 2, RAM 8 GB). The program terminates after 8 iter-
ations. The average computation time for each iteration is 467s, and the peak memory consumption is 392:87 MB. Fig. 14
records the convergence against the iteration. Our method seems computationally efficient on a sizable network. Note that
we implement GESTA in MATLAB 2014a. The most time consumption component is computing the covariance matrix of the
link cost vector, due to the deduction process in Appendix B. This may be significantly improved in a more efficient program-
ming language with efficient computation packages.

We use Rectangle CI as an approximation to the actual 95% CI, and draw the mean, 5% quantile and 95% quantile link flow
in Fig. 15. On the peak hours of a regular weekday, the network of SR41 may undertake different traffic conditions dependent
on variance induced by demand and route choices.
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Fig. 15. The 5%, 50% and 95% quantiles link flows (Using Rectangle CI approximation. Red represents volume/capacity P 1, and green represents
volume/capacity = 0, other colors are smoothly transitioned from green to red as volume/capacity increases from 0 to 1). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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To take a closer look at link flows, we randomly choose four links on the SR41 freeway, and their flow distributions
derived from the solutions are shown in Fig. 16. Link 3193 and Link 617 are northbound, while Link 3195 and Link 612
are southbound. For each link, the flow variation from day to day is fairly significant, and could be used for decision making
on design, operations and planning.
6. Conclusions

This paper develops a consistent generalized statistical traffic assignment model (GESTA) that estimates probability dis-
tributions of link and path flow for the recurrent traffic. Better decisions on roadway design, maintenance, operations and
planning can be made using the estimated link/path flow distributions. GESTA proposes a statistical model to define statis-
tical equilibrium for a network flow, and models probability distributions of path flow, link flows, link cost, and computes
route choice probability considering link cost variance and covariance. All random variables are modeled by the multivariate
distributions and yield analytical statistics features. The outputs of GESTA, such as probability distributions of traffic flows
and travel times, are naturally needed for network reliability analysis/design, robust routing and spatio-temporal travel time
estimation/prediction.

Our formulation integrates three types of variations, demand variation, route choice variation, and measurement errors.
The variance ratios of each type are defined mathematically to quantify the contributions of each type to the overall link flow
variance. We also propose a MSA-based solution algorithm to solve for our model. The convergence and computational com-
plexity are analyzed. We solve GESTA in three example networks to gain insights. The results from small networks show that
the GESTA can reasonably capture the variance and covariance of link/path flow. As the O-D variance increases, competing
paths tend to carry similar flow since the discrepancy of travel costs mean is offset by the high uncertainty of travel costs.
The application to a sizable real-world network shows the solution algorithms is computationally plausible. The solution
converges quickly under the MSA method.

GESTA has a clear multi-level statistical structure, and thus it well fits the data-driven modeling framework. The proba-
bility distributions of all random variable and the route choice model can be learned from the traffic data collected from day
to day. Its variance-based structure enables us to incorporate not only traffic counts data but also emerging data sets into
GESTA, such as probe vehicle speed measurements, sampled trajectory data acquired from GPS, bluetooth and AVI
technology.

What is not addressed in this paper is how to determine the probability distributions of O-D demands, performance func-
tions and route choice models that altogether best fit the observed traffic data over sampled time and locations. The process
of estimating demands and model parameters will be our research in the next step.

Another important feature of GESTA worth further investigation is solution uniqueness. We show that path flow solutions
to GESTA exist, and can be non-unique. The numerical experiment implies that link flow solutions, however, may still be
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unique. This is not surprising as it is analogous to the deterministic UE solutions. In addition, the solution algorithm currently
adopts a heuristic method, MSA, to obtain solutions with guaranteed convergence. Nevertheless, MSA does not necessarily
yield the true solutions. It would be ideal to derive the derivatives of Uð�Þ, namely the route choice models, with respect to
distributional parameters. Those derivatives serve as the descent gradients of the jð�Þ to guarantee leading the iterations
towards the true solutions.
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Appendix A. Maximum of a set of random variables

There is no closed form density function for the maximum of a set of random variables, but an approximation of its dis-
tribution is given by Clark (1961). Further research quantifies the approximation error can be found in Sinha et al. (2006).

In the case of two normally distributed random variables, say X1 and X2; EðXiÞ ¼ li;VarðXiÞ ¼ r2
i and corrðX1;X2Þ ¼ q,

define mi to be i-th moment of maxðX1;X2Þ, then

m1 ¼l1UðaÞ þ l2Uð�aÞ þ a/ðaÞ ðA:1Þ
m2 ¼ðl2

1 þ r2
1ÞUðaÞ þ ðl2

2 þ r2
2ÞUð�aÞ þ ðl1 þ l2Þa/ðaÞ ðA:2Þ
where a2 ¼ r2
1 þ r2

2 � 2r1r2q and a ¼ ðl1 � l2Þ=a.
If the maximum is taken over more than two random variables, a deduction process can be employed. We take three nor-

mally distributed random variables ðX1;X2;X3Þ as an example. We first calculate the first and second moment of
Y1 ¼ maxðX1;X2Þ, and use Eq. (A.3) to calculate the correlation of Y1 and X3.
corr X3;maxðX1;X2Þ½ � ¼ r1q1UðaÞ þ r2q2Wð�aÞ½ �=ðm2 � m1Þ1=2 ðA:3Þ

Next we calculate Y2 ¼ maxðY1;X3Þ to get the distribution of maxðX1;X2;X3Þ. Following these deduction steps above, we

can compute the distribution of maximum of any number of random variables. Note this method is actually an approxima-
tion because Y1 no longer follows a normal distribution, but in practice, the average path set size for a real world network is
approximately 4 (Rasmussen et al., 2015), so this method is fairly accurate.

Appendix B. Computation of travel costs distributions

In this section, we take the standard BPR function as an example:
caðXaÞ ¼ t0 1þ a
Xa

Ca

� 	b
" #

ðB:1Þ
where a ¼ 0:15 and b ¼ 4.
Since b ¼ 4, it suffices to derive
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to compute the mean of link costs, where Vi is a zero mean random vector with the same covariance matrix with Xi.
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By Isserlis (1918), we have
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EV2
1 ¼r2

1 ðB:4Þ
EV4

1 ¼3r4
1 ðB:5Þ

EV6
1 ¼15r4

1 ðB:6Þ
EV8

1 ¼105r8
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EV4
1V

4
2 ¼3ð8q4

12 þ 24q2
12 þ 3Þr4

1r
4
2 ðB:8Þ
where r1 is the standard error of V1 and q12 can be computed from the covariance matrix in Rx.

We can deduce (B.2) and (B.3) by using a collection of lower order moments from (B.4)–(B.8). Take the EðX4
1Þ as an

example,
EðX4
1Þ ¼Eðx1 þ V1Þ4 ðB:9Þ

¼E x41 þ 4x31V1 þ 6x21V
2
1 þ 4x1V

3
1 þ V4

1

� �
ðB:10Þ
Since the mean V1 is zero, the second and fourth term is zero. Then
EðX4
1Þ ¼Eðx1 þ V1Þ4 ðB:11Þ

¼E x41 þ 4x31V1 þ 6x21V
2
1 þ 4x1V

3
1 þ V4

1

� �
ðB:12Þ

¼Ex41 þ E6x21V
2
1 þ EV4

1 ðB:13Þ
¼x41 þ 6x21EV

2
1 þ EV4

1 ðB:14Þ
This shows that EðX4
1Þ can be obtained by applying Eqs. (B.4) and (B.5).

Appendix C. Proof of Proposition 4

The key issue to proof this proposition is to bound the difference between multinomial distribution and its normal
approximation. Stein gave an explicit formulation for the error bound of this approximation (Stein et al., 1972), then
Weiss (1976),Weiss (1978) extends the results. In this proof, we adopt Weiss’s result, we restate is as follows:

Theorem 1. If paths in Krs are chosen such that the corresponding pkrs > n where n is a small number, and
Dn ¼ max
kffiffiffiffiffiffiffiffi
npk

p ;
Xk
i¼1

1ffiffiffiffiffiffiffi
npi

p
" #

ðC:1Þ
where k is the number of possible results, pi is the probability of result i and n is the number of trials. The probability of any mea-
surable region Sn for such a multinomial random variable is denoted as PðSnÞ, and the probability of the corresponding normal

approximation region is bSn, then we have
PðSnÞ � PðbSnÞ
��� ��� 6 e0

ffiffiffiffiffiffi
Dn

p
ðC:2Þ
If we assume that we choose Krs properly so that for each OD pair rs, minkpk
rs P

1
e00jKrs j, then WLOG we assume qrs is an

integer,
PðSnÞ � PðbSnÞ
��� ��� 6e0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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So finally we have
Va
rs � Vr

rs

Vr
rs

���� ���� 6 e
jKrsj3
qrs

 !1
4

ðC:5Þ
Note this bound is very loose since it works for any combination of the route flows for one OD pair. This result also
enlightens us to select the path set size Krs by the relative quantity of OD demand. If the OD demand is large, then more paths
should be included in the path set. Furthermore, the approximation error will become large if the probability of choosing one
possible route is very small. In this case we should avoid choosing too many paths.
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